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Abstract

We introduce a class of continuous planar processes, ¢aledimartingales on rays”, and develop for
them a change-of-variable formula involving quite genefasses of functions. Special cases of such
planar processes are diffusions which choose, once thel tha origin, the rays for their subsequent
voyage according to a fixed probability measure in the maoh@/alsh (1978). We develop existence
and uniqueness results up to an explosion time for thesesiffusions”, study their asymptotic
behavior, and develop tests for explosions in finite time.0&k these results to find an optimal strategy,
in a problem of control with discretionary stopping invalgiWalsh diffusions.

Key Words: Semimartingales on rays, tree-topology, Walsh semingates and diffusions, Skorokhod reflection,
local time, stochastic calculus, explosion times, Fallegst, stochastic control, optimal stopping.

1 Introduction and Summary

A pathwise construction was given recently(inl[12] for stlesthWALSH semimartingale®n the plane. A
typical such process is a two-dimensional continuous samtingale, whose motion away from the origin
follows a scalar “driver semimartingalel’ () along rays emanating from the origin. Once at the origin,
the process chooses a new ray for its voyage randomly, daogaa given probability measure on angles.
When the driverU(-) is a Brownian motion, this \WLSH semimartingale becomes the renownedL\8H
Brownian motion,a process introduced by AMsH (1978) in the epilogue of [22] and studied byB-
Low, PITMAN & Y OR (1989) in [1], as well as by many other authors after them. fEoent work [[12]
established stochastic integral equations that the sstwaed VALSH semimartingales satisfy, as well as
additional features of their singular nature at the origiaken together, these equations and properties gave
a FREIDLIN-SHEU-type change-of-variable formula for any processes gatigfthem. Previous results in
this regard include als [10] for diffusion processes orphsa[18] for semimartingales on trees, and [9],
[11] for WALSH’s Brownian motion. Local martingale problems foraWsH diffusions,where the driver
U(+) is an It diffusion, were also considered in[12].

We introduce in this paper a novel class of planar processdled“semimartingales on rays"which
generalizes considerably the class oA\WH semimartingales. We develop in Theorem 2. 13R&IBLIN-
SHEU-type stochastic calculus for these processes, and usetminuity in the so-called “tree-topology”
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to characterize the property of moving alongs ra@sRougth speaking, semimartingales on rays also
move along rays emanating from the origin; but when at thgimgrihese processes choose a new ray not
necessarily according to a fixed measure. EvenL¥¥ semimartingale is then a semimartingale on rays
with some fixed measure on angles, specified through a ‘ipartdf local time at the origin” condition.
Theorem 2.183 also generalizes the stochastic calculus farsw semimartingales to a broader class of
functions, with the help of Lemmas 2]10 dnd 2.11; and a fudle@eralization is found in Theordm b.3.

This new treatment is important for our discussion in Sesti® and 4 of WLSH diffusions with angular
dependence, up to an exit or “explosion” time, from a givehvegich is open in the tree-topology. A
preliminary idea in this direction appears in Section 8 d]{lhere it is developed and studied in further
detail, enabling us to obtain results on existence, unigsgnasymptotic behavior, and explosion tests
for WALSH diffusions (Theoremb 3.7, 318, #.5 andl4.9). These resnisanalogous to those for one-
dimensional diffusions (cf. Section 5.5 of [14]; see alsp[B]), in the framework of the EGELBERT
SCHMIDT and FELLER tests.

The power of the approach and of the calculus developed iprésent paper, is illustrated in Section
5. We study there an optimization problem involving betintrol and stoppingof a WaLSH diffusion
on the unit disc with an absorbing boundary, and for whicheavard” function is specified. This can be
seen as the analogue in theaW$H setting of the problem studied in [15]. We find that sever&nesting
new aspects arise from the roundhouse singularity at tlggnoriAnswers to the “pure” optimal stopping
problem and, quite a bit more surprisingly, to the “mixeddddtastic control problem with discretionary
stopping, are given in Theorerms 5.8 and 5.16, respectivalyer very mild assumptions. The underlying
dynamic programming equations are specified in Subsectdntough they are not used explicitly in the
development. Proofs of selected technical results canuredfo the Appendix, Section 6.

2 A Stochastic Calculus for Semimartingales on Rays

Throughout this work, whenever a functiof is defined on a subset d&?, we will write “f(r,8)” (or
sometimes fy(r)”) to mean its expression in polar coordinates; we have famgle f(r,6) = f(z), where
x = (rcosf,rsind) in Euclidean coordinates. We also note that the polar coates (0, 6), 6 € [0, 2)
are identical and identified with < R? . Therefore, whenever we define a functignvia polar coordinates
as f(r,0), we must make surg(0,60) = f(0) is constant.

We shall write argr) € [0,2) for the argument of a generic vectare R? \ {0} .

2.1 Semimartingales on Rays

We shall introduce in this section a class of processesdc&kmimartingales on rays”; this class includes
the WALSH semimartingales that will be studied later.
Indispensable in the study of such semimartingales is tfealed “tree-metric” on the Euclidean plane.

Definition 2.1. We define tharee-metric(cf. [9], [11]) on the plane as follows:
o(z1,22) = (r1+712) Lip, 20,) + 11 — 72| L9, =0y} » 1, 2 € R?, (2.1)

where (r1,01), (r2,02) are the expressions in polar coordinatescgfand x5 , respectively.
We shall calltree-topologythe topology on the plane induced by this metric.

! This continuity property is implied by the stochastic intgequations in[12], and is considerably less restridiian those
equations are. However, the scalar procés$(-) in Theorem 2.1 of[[12] ishownhere to be a semimartingale, if the planar
processX (-) is a semimartingale on rays — rather than assumed to be omasadone in Theorem 4.1 of [12].



Remark2.2 It is checked that the recipe df (2.1) defines a metric on thaegl The distance in the tree-
metric between two points on the plane, is the shortestrdistaf going from one point to the other along
rays emanating from the origin. Thukg tree-topology is stronger than the usual topology orpilaee.

Proposition 2.3. Assume that a function: : [0,00) — R? is continuous in the tree-topology. Then,
whenever||z(t)|| # 0 holds for all t € [t1, t2], the mappingt — arg(z(t)) is constant onjty, t2] .

Proof. Clearly, showing that — arg(x(t)) is constant is equivalent to showing that> % is constant.

By way of contradiction, let us assume thai(¢)|| # 0 holds for allt € [¢;,t2] but the ratio% is not
constant on the intervdky, to] . From Remark 212, the function : [0, c0) — R? is also continuous in the
usual sense. Thus the mappihg> i)ﬂ is continuous onty, t2] in the usual sense, so we have

lz(t)
x(t3) z(t1) : { x(t) z(t1) }
= for tg:=inf ¢t >t : #+ <ty.
lz(s)ll llz(t)]] @I~ Nzt
It follows that there exists{t,,)}5%; C (t3,t2] With t(, | t3 and ||§8EZ;§|| £ H%BH — ”%zg” , therefore

also argx(t(,))) # arg(z(t3)) . We have then
o(x(tm)) z(ts)) = [lztm)ll + [lz(ts) = [=(t3)] >0, ¥V neN,
contradicting the continuity of:(-) in the tree-topology. O

Propositior_Z2.B shows that any process, which is continimtise tree-topology, does not change the
ray along which it travels when away from the origin; any sublange to a new ray can happen only when
the process is at the origin.

Definition 2.4. Semimartingales on RaysWe place ourselves on a filtered probability spate 7, P),
F = {F(t) }o<t<o that satisfies the “usual conditions”, i.€,is right-continuous andF(0) contains every
P—negligible event. On this space, we are given a continucaisissemimartigald’/(-) .

We say that a two-dimensional proce&¥-) is asemimartingale on rays driven by (), if:

() Itis adapted, and is continuous in the tree-topology.
(i) Itsradial part|| X (-)|| is the KOROKHOD reflection (cf. Section 3.6.C in [14]) o/ (-), i.e.,

IX®| = U®)+ At), where A(t) = Jnax (- U(s))+, 0<t<oo. (2.2)
Remark2.5. Terminology:We do not assume explicitly in Definitidn 2.4, thaf(-) is a two-dimensional
semimartingale; only its radial pafttX (-)|| is clearly seen froni(2]2) to be a semimartingale.

But X(-) will indeed turn out to be a semimartingale, thanks to themgsion that it is continuous in
the tree-topology. This fact is implied by the general restilTheoren 2.113 below. In light of this theorem
we use the terminology “semimartingale on rays” here, legyi somewhat unjustified for the moment.

Remark2.6. Generalization: The WALSH Semimartingales, defined as in Theorem 2.1in0 [12] (see also
Definition[2.14 below), are also semimartingales on raykércontext of the present work; cf. the discussion
at the beginning of Section 3 of [12].

The converse is not necessarily true; cf. Remark 9.4 df [iRact, Definition[2.4 right above, gives
no indication regarding the behavior &f(-) at the origin — i.e., about the manner in whic¢h(-) chooses
the next ray for its voyage, when it tries to “extricate ifs&lom the origin.



2.2 A Generalized Change-of-Variable Formula

The property of “moving along rays” given by Propositlon]&8ggests considering functions on the plane
that have good properties only along every ray emanating the origin (see also Section 4 bf[12]). In this
vein, we develop a generalizedrEIDLIN-SHEU-type change of variable formula that extends the result of
Theorem 4.1 in[[12].

Definition 2.7. Let © be the class of BREL-measurable functiong : R? — R, such that

(i) foreveryf € [0,2m), the functionr — gy(r) := g(r,0) is differentiable on|0, c0), and the derivative
r — gy(r) is absolutely continuous ofb), co);

(i) the function 6 — g, (0+) is bounded; and

(iii) there exist a real numben > 0 and a LEBESGUEintegrable functionc : (0,1] — [0, c0) such that,
forall 6 € [0,27) andr € (0,n], we have|gy (r)| < ¢(r).

Definition 2.8. For every given functiory : R? — R in the class® , we set for everyr ¢ R?\ {0} :
g (x):=gp(r), ¢"(x):=gp(r), where(r,0) isthe expression af in polar coordinates.

Proposition 2.9. Every functiong € © has the following properties:
(i) The mappings(r,d) — g,(r) and (r,0) — gj(r) are BOREL-measurable orR? \ {0}, and the
mapping § — g;,(0+) is BOREL-measurable on0, 27). Also, for the constant) > 0 that appears in
Definition[2.7 (iii) forg, we have

sup |gg(r)| < oo.

0<r<n

0€[0,27)

(i) The functiong is continuous in the tree-topology.

Proof: (i) The first claim is a consequence of the measurability of thetfan ¢ and of Definitior 2.7 (i),

while the second comes from the requirements (ii) and (iipefinition[2.7.

(ii) By the second claim df), the functiong is continuous at the origin in the tree-topology. The cauitin

at other points is implied by (i) of Definitidn 2.7. O
The class® includes the functions in Definition 4.1 ¢f[12]. In contré&sthat definition, which assumes

the derivatives to be locally bounddukre we only assume some boundedness near the ofiginreason

why this will suffice for the development of a stochastic céls for semimartingales on rays, is provided

by the following two lemmas; these supply the keys to the mesmilt of this section, Theorelm 2]13.

Lemma 2.10. Let f : R? — [0,00) be aBOREL-measurable function with the following properties:
(i) Forevery#® € [0,2m), the functionr — f(r,8) is locally integrable on[0, co) .
(i) There exist a real number; > 0 and aLEBESGUEintegrable functionc : [0,7] — [0, 00) such that,
forall 6 € [0,27) and r € [0,7], we havef(r,0) < c¢(r).
Then for any semimartingale on rays(-) in the context of Definition 2.4, we have

P(/OTf(X(t))d(U>(t)<oo, V0§T<oo> _ 1

Lemma 2.11. In the context of Definitioris 2.4 ahd 2.7 we have, for everyraantingale X (-) on rays, and
for every functiong € © , the properties

0] ]P’( sup !g’(X(t))‘<oo, VO§T<OO> =1,
0<t<T, X (t)#0

T
(i) P</0 l{X(t);éO} |g”(X(t))‘d<U>(t) < o0, VOST<OO> =1.



To prove Lemm&2.10, we recall tigeght) local time L=(T',a) accumulated at the site € R during
the time-interval0, 7' by a generic one-dimensional continuous semimarting4l¢, namely

= 1T -
L“(T,a) = 1;},8%/0 1{a< =(t)<ate} d<:>( ), 0<T <00, aclR. (2.3)

From the theory of semimartingale local time (e.g., secBohin [14]), for every BDREL-measurable func-
tion k& : R — [0,00) the identity

T 00
/0 R(E(0)) dE) (1) = 2/ k(o) [E(T,a)da, 0<T < oo (2.4)

—00
holds a.e. on the underlying probability space. If, in additthe continuous semimartingale(-) is non-
negative then this local time admits the representation

L7(-,0) = /0 Liz() =0y dE(1) . (2.5)

From now on, we will always write ;= (-)” to denote the semimartingale local tifi& (-, 0) at the origin.

Proof of Lemm&2Z.10By condition (i) of Lemmd2.10, we havg(z) < c(||z||) wheneverz € R? and
lz|| < n. In conjunction with[(2.4) and(2.2), we have on the one hand

! T
/ FXW) Lyx @) <m AU < /
" 0

By the theory of semimartingale local time (e.g., sectioniB.[14]), the mappingr — LIXI(T,r w) is
RCLL (right-continuous with left-limits), hence bounded , n], for P—a.e.w € Q. Thus, the integra-
bility of ¢ gives theP—a.e. finiteness of the last expression above.

Let us define for every > 0 the stopping times, =0, 75 :=inf {¢ > 0: || X(¢)|| = 0} and

c(IX I Lgx oy <ny dAXIN(E) = 2/77 o(r) LN N(T, 7)dr .

0

T5o41 = inf {t > 715, | X (2] > E}, Toppg = inf {t > 1o | X(@)] = 0} (2.6)

recursively, for¢ € Ny . With ©(-) := arg(X(+)), we have on the other hand
T

T
/0 FX®) 1gx@sn AU)(E) < / FEO)( X L, ®) A0

0 LeNoU{—1}

T/\7'2 +2

T/\’r2Jr
= > / FIX( )H7@(t))d(U>(t)= > / FUX D1, O(r540)) AIX D ()

TATY TATY
T2l+1<T} 26+1 7—2[+1<T} 26+1

< ¥ / (XD O, )) XD =2 S / £ (r, 00, ) NI, r) dr

{¢: 7'2[+1<T} {¢: T2l+1<T}

=2 / Fr O, ) LXN@ )y dr,  where M(T) = max | X ()]

0<t<T
7y <T}

We have used:(21.2) and Propositlon]| 2.3 for the second egualtitl [2.4) for the third. The last equality

follows from the theory of semimartingale local time.

We claim that the last expression above is a.e. firliteleed, » — LIXI(T r,w) is a.e. bounded on
[0, M(T,w)], just as before; thus, by condition (i) of Lemrma 2.10, eackgrl in the last expression
is a.e.finite. Moreover, the sdtl : 7., ; < T} is a.e. finite; for otherwise the continuity of the path
t — || X (¢,w)| would be violated. The validity of this finiteness claim fwlis.

With all the considerations above, Lemma2.10 is seen to bhaga established. O



Remark2.12 Lemmd2.1D can be thought of as an analogue of the EEBERT-SCHMIDT 0-1 law (cf. [6]
and Section 3.6.E of [14]), as it gives a condition guarantge¢he finiteness of some integral functional
of the processX(-). In contrast to the necessary and sufficient condition ddlla@tegrability considered
in the ENGELBERT-SCHMIDT 0-1 law, the condition here is only sufficient, due to the difftguih dealing
with the “roundhouse singularity” at the origin.

Proof of Lemm& 2.11The claim (ii) is a direct consequence of Lemima 2.10 and ofrid&fn[2.7. For the
claim (i), we observe by Definitidn 2.7 and Proposition 2 &th

n
sup [g'(X(0)] < (sup g(04)) + / e(r)dr < oo, ae., and
0<t<T, 0<||X (t)[|<n €[0,2m) 0
sup |g’(X(t))‘ < sup < sup !gé(” )(||X(t)||)‘> < oo, a.e.,
0<t<T, |X(®)|I>n {6 73y 1 <TY \ telrgy 1,73 oA T 241

thanks also to the fact that the sgt : ), , < T'} is a.e. finite. The claim (i) follows then. O

Now we can state and prove the main result of this sectionnargézed IREIDLIN-SHEU-type identity.

Theorem 2.13. A Generalized Change-of-Variable FormulaLet X (-) be a semimartingale on rays with
driver U(-), in the context of Definition 2.4.

(i) Then for every functiory € © , the procesgyy(X (+)) is a continuous semimartingale and satisfies
' 1
s(X0) =9(XO0) + [ 1w (/(X0) WO+ 5o (X0 AW ) + 350 @D
Here VgX () is a continuous process of finite variation on compact iraéswwith

(VX () = VX (1h)] < ( sup |gg(o+)|) (LX) — LIXN(#)), Vo<t <tr<oo. (2.8)
0el0,27)

In particular, for every setd € B([0,27)) and with the recipegs(r,0) := r - 14(0), we havegy € D ;
therefore, the process

R} () = ga(X()) = IX()II - La(arg(X())) (2.9)
is a continuous semimartingale.

(i) Assume that there exists a probability measuren 5([0, 27)) such that, for every set € B([0, 27)),
the semimartingale local time at the origin for the procdﬁg(-) in (2.9) has the “partition property”

LR = p(A) LX), (2.10)

Then for every functiory € © , the decompositiori (2.7) holds with

27
Vo= ([ dblo)wan) 1), (2.11)

Proof: (i) We employ a method similar to that used in the proof of Theodeinin [12]. With N_; :=
No U {—1} and the sequence of stopping timés }rcy_, defined as in((2]6), we have the decomposition

9(X(D)) = g(XO) + 3 (9(X(T A7549)) = 9(X(T N 750,0)))
leN_1

+> (g(X(TAT§z+1)) —g(X(TATSg))>. (2.12)
£eNy



Recalling the notatiorO(-) = arg(X (-)), we can write the first summation above as

> (9(X@AT512) ~g(X (@A) ) = 3 (90 (IX(TATS ) D=0 (IX (TATS 1))

0=O(TArs
teN_; teN_; (TATS041)

T/\Tzz+2 1
= > [ (Gux@haix el + 5 saxnagxpm)],

teN_y Y TAT5044

:/o (3 L ®) (o (X0) QUG + 5 o (X(0) dW) ().

eN_q

For the second equality of this string, we have used Prdapo&i3 and the generalizead's rule (Problem
3.7.3in [14]; althought = ©(T' A 75, ) is random, a careful look into the proof of the generalized's
rule will justify the application here). The third equality valid because of (2.2), and of the fact that the
processA(-) that appears there is flat off the st <t < oo : || X (¢)|| = 0} .

Now with the help of Lemm&a2.11, we let| 0 and obtain the convergence in probability

T 1
> (9 (A5 0) —a(X(TAT510))) — /0 1x()40) <g'(X<t>> dU<t>+5g"(X<t>>d<U><t>).
feN_1

(2.13)

By Definition[2.7 and Propositidn 2.9, the procegsX (-)) is adapted and continuous. Thus the process

' 1
V() = (X () - g(X(0) - /0 Lixozo) (9 (X () dU(E) + 5 g (X(8) dU) (1)
is also adapted and continuous, and we have ffoml(2[12g)(fh& convergence in probability

> (9(X@ AT34)) — 9 (X (@ A 75))) o VN D). (2.14)
£eNg

Let us concentrate now on the summation on the left-hand cfidee above display. We recall the
constantn > 0 and the functionc in Definition[2.7(iv). We have fo < ¢ < n the decompositions

Z (Q(X(T/\Tzaul)) —Q(X(T/\Tzez))) = Z (96(e) —99(0))‘ +O(e)
2eNy {0:75, 1 <T} =0(75,,1)
— Z <5g{9(0+) —I—/O (e — r)gé’(r)dr) ‘9:@(@“) + O(e), (2.15)

{¢: 7'25[+1<T}

where we have used Proposition]2.9(i) to obtain the térta). We also have

Z (/08(6—7”) Qg(?“)dr> ‘9_@( ) < Z / Pdr = (eN(T, 2)) /Oe . . ;

= T )
{£:75,,,<T} 2t {t:75,,,<T}

in probability, where we set
N(T,e) :== ${f eN_1 : 715, <T}

and use Theorem VI.1.10 in [19] for the convergencd (T, <) = LIXI(T) in probability (the “down-
&
crossings” representation of local time). This, in conjfiortwith (2.14) and[(2.15), gives the convergence

/ X X . -
Z (599(04—))‘9:6(@ ) 5) Vit (t2) = V5 (1) in probability, (2.16)
{€:t1<75,,  <t2} +



for fixed 0 < #; < t3 < oo. On the other hand, withC, := supyc(o 2x) [95(0+)| , we have again

> (O], ) S CoreWlta0) = Nin,)) o Co(EXN(12) — IV 1)

{€:t1<75,  <t2}

in probability. Together witH (2.16), this last convergeric probability leads to the estimate (2.8), which in
turn implies that the procesfa;]x(') is of finite variation on compact intervals. Thus the proce&& (-))
is a continuous semimartingale. The last clainfipfollows.

(i) Finally, we need to argue that the “partition of local timebperty [2.10) leads to the representation
(2.13). By virtue of[(2.1b), it suffices to show

Z (Egg(O—k)) ‘9:@(75[“) w (/0% gp(0+) V(d@))LHXH(.).

{€:75, ,<T}

This can be done in exactly the same manner as in the lastfuhe proof of Theorem 4.1 in [12], so we
refer to that proof for this part. O

Definition 2.14. WALSH Semimartingales: A given semimartingale on rayX () as in Definition[ 2.4,
which satisfies the “partition of local time” properfy (2)ifor some probability measure on 5([0, 27)),
will be called WALSH semimartingale with drivelU (-) and angular measure .

Remark2.15 The Planar Semimartingale PropertyyaLsH SemimartingalesTheoren{ 2,113 generalizes
Theorem 4.1 of [12] to a larger class of functions, namely,dlass® of Definition[2.7; its part (i) provides
results on a larger class of processes, for which the “partdf local time” property[(2.110) may not hold.

With g1(r,0) = rcosf, ga2(r,0) = rsinf, we deduce from Theorem 2]13(i) that a procés§) as in
Definition[2.4 is indeed a two-dimensional semimartingafehis semimartingaleX (-) satisfies also the
“partition of local time” property[(2.10) for some probahilmeasurer on 5([0, 27)), then

91(X() = 91(X(0)) +/0. 1{x()z0y cos (Arg(X (1)) dU(t) + v LIXI(), (2.17)

92(X () = g2(X(0)) + /0 | 1{x ()0 sin (arg(X (1)) dU () + 7o LIXII() (2.18)

hold by virtue of Theorern 2.13(ii), where

2 2
%! ::/O cos(f)v(df) and -, ::/O sin(f) v(d6) .

The equationd (2.17), (2.18) are equivalent to the stoichiaseégral equations in Theorem 2.1 bf [12], after

some slight adaptation in notation. Thus, Definifion 2.1dvahs consistent with the terminology in [12].
By virtue of (2.10), the probability measute captures the “intensity of excursions &f(-) away from

the origin”, and along the rays in any given set of angles.sThader the property (2.1.0), when the process

X(-) finds itself at the origin it chooses the next ray for its vayagcording to this “angular measure’.

3 A Study of Walsh Diffusions with Angular Dependence

In this section we provide conditions, under which exiseeaod uniqueness in distribution hold for pro-
cesses that we call M/sH diffusions with angular dependenceap to an explosion time. In the three
subsections that follow we discuss, respectively, thechsediing, the driftless case, and the case with drift.

In the rest of this work, we consider an arbitrary but fixedoadaility measurev on the spac€|0, 27),
B([0,27))), which will always be the “angular measure” of ounVé¢H diffusions.

8



3.1 Walsh Diffusions with Angular Dependence; Explosions

We will consider WALsH diffusions with values in a BREL setwhich is open in the tree-topology and
contains the origin.More precisely, we fix a measurable functién [0,27) — (0, 00| which is bounded
away from zero, and consider the set

I:={zeR?: 0<|z| <largz))orz=0} ={(r,0): 0<r<{0), 0<6<2r}

expressed in Euclidean and polar coordinates, respectia consider also the punctured det= 7\ {0},
as well as the closuré of I under the tree-topology in the collection of all the “exteddays”; that is,
even when/(#) = oo holds for somef’s, we set

I={(r0):0<r<(@0),0<6<2r}.

Finally, we consider a strictly increasing sequence of medde functions{¢,}°°,, where each’,, :
[0,27) — (0,00) is bounded away from zero, and such tlfaté) 1 ¢(0) asn 1 oo, V0 € [0,27) . We set

I, = {(r,@):0§r<€n(9), 0§9<27T}, ¥ n €N.

By the generalizedTiO rule (Theorem 3.7.1 iri [14]), we see th@at {2.2) implies
IXOI= 1XO1+ [ 10 00 + LX), (3.1)

Now let us fix BOREL-measurable functiond : I — R and s : I — R and consider finding a planar
processX (), continuous in the tree-topology and satisfyingl(3.1)hwit(-) an ITO process whose instan-
taneous drift and dispersion depend at any given tinea the current positionX (¢) through the functions
b and s. With this dispensation, the equatidn (3.1) becomes

IXOI = 11X O] + /0 x>0y [(X (1)) dt +s(X () AW (2)] + LIXI() . 3.2)

Furthermore, with the measute as specified at the beginning of this section and with thetiootaf (2.9),
we impose also the requirements

/' lix=oydt =0 and  LEA() = p(A) LX), v AeB(0,2r)). (3.3)
0

It is important to note tha{(3.2) represents the radial gaxt-)| as a reflectedTid process, whose
local characteristics depend at each titren the full position X (¢) , not just the radial pat.X (¢)||. We
note also that the second requirement of1(3.3) is Just [2\Bich implies thatv is the angular measure.
Since a process( (-) satisfying only [(3.2) can spend an arbitrary amount of timéhe origin, we impose
the “non-stickiness” condition in the first requirement[®13) in order to guarantee uniqueness.

Definition 3.1. WaLsH Diffusion: A WALSH diffusion with state-spacd, associated with the triple
(b, s,v) and defined up until an explosion tirmis,a triple (X, W), (Q, F,P), F = {F(t)}o<t<co » SUCh
that:

(i) (Q,F,P), F={F(t)}o<i<co is afiltered probability space satisfying the usual condgi

(i) The process{X(t), F(t); 0 < t < oo} is adapted,/—valued, and continuous in the tree-topology
with X (0) € I a.s.;and{W (t), F(t); 0 <t < oo} is a standard one-dimensional Brownian motion.



(iiiy With S, :=inf {t >0: || X(t)| > ¢n(arg(X(t))} =inf {t > 0: X(¢) ¢ I, }, we have

P</OTAS" 1(x ()50} (‘b(X(t)” + sz(X(t))) dt<oo, 0<T< oo> =1.

(iv) Foreveryn € N, the procesg| X (- A S,,)| is a semimartingale that satisfies
TASy,
P(HX(T A S|l = X )]l +/O Lyx =0y [b(X (1)) dt + s(X(t)) dW (t)]

LX), 0<T < oo> .
(v) We have thatf, 1¢x@)=0ydt = 0, and for everyn € N the “partition of local time property”
LEACAS)(T) = y(A) LIXCAS)IlTy v A e B([0,2r)), P-as. O

Abusing terminology slightly, we shall also call the statecessX (-) a WALSH diffusion,omitting the
underlying probability space and Brownian motion. We sheftér to
S:= lim S, (3.4)
n—oo

as theexplosion timeof X (-) from I, and stipulate thafX (t) = X(S5), S <t < co. We note that the
assumption of continuity ofX (-) on I, in the topology induced by the tree-metric, implies that

S=inf{t >0: X(t) ¢ I} and  X(S) e {(r,0):r=1¢(0), 0<60<2r} ae. on{S < oo}.
(3.5)

Remark3.2 By Theoren 2.18(i), the processé®X (- A S,), A € B([0,27)), n € N are continuous
semimartingales. Moreover, the sdig n € N and I are open in the topology induced by the tree-metric;
thus, the continuity ofX(-) in the above topology implies thaf,,, n € N and S are stopping times. It
should be noted that we do not assume the continuity up to tinehus X (S) may not be defined on the
event{S = oo} .

3.2 The Driftless Case: Method of Time-Change

In this subsection, we study M/SH diffusions with drift b = 0 and state spacé = R? = {(r,0) :
0<r<oo 0<6<2r}. Toemploy the method of time-change, we shall first estalifisour setting
results analogous to theAMBIS-DUBINS-SCHWARZ representation for local martingales, and to the non-
explosion property (Problem 5.5.3 in [14]).

Definition 3.3. WALSH Brownian Motion: A WALSH semimartingaleX (-) will be called WALSH Brow-
nian motion if its driver U(-) = B(-) is a Brownian motion; see Definitions 2114 and 2.4.

This terminology is consistent with the construction of tMaLsH Brownian motion in[[1]; this is
thanks to Proposition 7.2 i [12], and to Remark 2.15 here.ndfe at this point that a ¥\W.SH Brownian
motion is also a \WLSH diffusion with state-spacd = R?, b=0, o =1,andP(S = o) = 1.

Proposition 3.4. A DamBIS-DUBINS-SCHWARZ -Type Representation: Let X (-) be aWALSH semi-
martingale driven by a continuous local martingal&(-) , and with angular measure .

There exists then, on a possibly extended probability spaeéaLsH Brownian motionZ(-) with the
same angular measure and with the propeiy-) = Z ((U)(-)) .
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Proof. Let us assume first tha/) (co) = oo . Define
T(s):= inf{t >0: (U)(t) > s}, Z(s):= X(T(s)), G(s):=F(T(s)), 0<s<oo. (3.6)

Recall thatU(-) is a continuous local martingale. Thus, by the proof of TeeoB.4.6 in[[14], we have:
(i) With B(:) :== U(T(:)), the procesgB(s), G(s), 0 < s < oo} is Brownian motion, andJ(t) =
B(({U)(t)), 0 <t < oo.

(i) There existsQ* € F with P(Q*) = 1, such that for everyw € Q*, we have

(U)(t1,w) = (U)(t2,w) forsomel <t} <ty <oo = t— U(t,w) isconstant ont,tz]. (3.7)

Since X (-) is continuous in the tree-topology, we see from Propos@idhthat the constancy ok () on
some interval[ty, t2] is implied by the constancy of X (-)|| on [t1,t2], which by [2.2) can be implied by
the same constancy @f (-) . Thus the above property (ii) is still true if we replae by

(U)(t1,w) = (U)(ta,w) forsomed <t; <ty <oo = ¢+~ X(t,w) isconstantorjty,ts]. (3.8)

In the spirit of Problem 3.4.5(iv) in_[14], this implies themtinuity in the tree-topology of the process
Z(-) := X(T(-)). Moreover, we observe froh (2.2) that

_ _ + _ + _ +
12(s)l = U(T () +, mae (~U(0)" =U(T(s)+gmax (~U(T()) " = Bls)+gmax, (~B()"
Here we have used for the second equality the fact théd is constant on[T'(t—),7'(t)] for every t,
which is implied by [3.I7).
Finally, we claim thathe “partition of local time” property [(2.10) ofX (-) is inherited byZ(-) . Indeed,

RA() =11Z2()|l - 1a(arg(Z(-))) = RA(T())

is continuous, in the same wa¥(-) = X(7'(-)) is. Then by Theorerh 2.13 and time-change (Proposi-
tion 3.4.8 in [14]), we obtain that?Z(-) is a continuous semimartingale of the filtratid(s)}, and
that (R4)(-) = (RY)(T(-)) . Now it is easy to usé(2.3) to obtain®4(-) = LF4 (T(-)) ; in particular,
L2y = LIXI(7()) . Thus [2ID) impliesL ™4 () = v (A) LIZI (), which is the claim.

It is clear at this point thatZ(-) is a WALSH Brownian motion with the same angular measweas
X(-),and thatX (-) = Z((U)(-)) holds, thanks td(3]8).
e Next, we consider the case((U)(cc) < oo) > 0. We shall argue this case heuristically, as a rigorous
argument is straightforward but laborious. On the evfif)(co) < oo}, the limit lim;_,o, U(t) exists;
therefore, so do the limitdim;_,~, || X (¢)|| and lim;_,~, X (¢), thanks to[(2Z.2) and the continuity of (-)
in the tree-topology. It follows thal (3.6) is still well-fieed; the only problem is thaZ(-) need not be a
WALSH Brownian motion anymore: it “runs out of gas” from the ting€’) (co) onwards, as doe$(-) .

We deal with this issue as follows: On the eveR/) (o) < oo}, we keepZ(-) running on the time in-
terval [(U)(c0), c0) , by first redefiningB(-) on [(U)(c0), 00) to make it a Brownian motion, as described
in Problem 3.4.7 of [14]; then following the “folding and widing” scheme in the proof of Theorem 2.1
in [12], to construct pathwise a M/SH Brownian motion Z ((U)(c) + -) with angular measurer and
driven by B((U)(o0) + -) . This “continued” proces<(-) satisfies all the required properties. O

We also have the following result, regarding the absencgmbsions for WALSH diffusions withb = 0
and state-spacé = R2. Its proof is in the Appendix, Section 6.

Proposition 3.5. SupposeX (-) is aWALSH diffusion associated with the tripl@0, s, ) on the Euclidean
plane R? = {(r,0) : 0 <r < 00, 0 < 6 < 27} and defined up to an explosion tinte Then S = oo a.e.
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Now we can state the existence-and-uniqueness result foxlsMVdiffusion without drift. As in the
scalar case, we recall Remark2.12 and define the sets

Z(s) := {(r.6) ew/ﬁ

Since the RGELBERT-SCcHMIDT 0-1 law is critical for establishing the one-dimensional exigte-and-
unigueness result, we need to impose the following additioondition, in order to ensure that the above

two sets are both bounded away from the origin, and that tiegrial processI'(-) in the proof Theorem
[3.7 does not explode when theaWsH Brownian motion considered there is near the origin.

=00, Ve € (O,r)} , Z(s):={xeR?:s(x) =0}. (3.9)

Condition 3.6. There exist ary > 0 and an integrable functior : (0, 7] — [0, c0), such that
1
s2(r,0)

Under this condition, the following existence-and-uniggss result, for a WL.sH diffusion without
drift, is a two-dimensional analogue of Theorem 5.5.4 ir]][i4 proof is also in the Appendix.

<e(r) holds forall 6 € [0,27), r € (0,n]. O

Theorem 3.7. Let the functions : R? — R satisfy Conditioi.3]6. Then, for every given initial dibtriion
p on B(R?), there exists a non-explosive and unique-in-distribufgnaLsH diffusion X (-) with values in
R? and associated with the triplé0, s, v), if and only if Z(s) = Z(s).

Remark3.8 AssumingZ(s) = Z(s) and Conditior_3.6, the YLsH diffusion in Theoreni_3]7 becomes
motionless once it hits the sél(s) , but keeps moving before that time. This can be seen in the spirie
as in Remarks 5.5.6, 5.5.8 of [14].

3.3 The General Case: Removal of Drift by Change of Scale

Let us move now on to the study of AMsH diffusions with drift, via the method of “removal of drift”
followed by reduction to the driftless case of the previoulssgction.

We recall the setl := {(r,0) : 0 <r < {(f), 0 <8 < 2n}, where the functior¢ : [0, 27) — (0, 0]
is measurable and bounded away from zero. We recall alsdabe® of functions in Definitior 2.]7, and
adjust it presently to “fit” the domaid.

Definition 3.9. Let ®; be the class of BREL-measurable functiong : I — R satisfying:

(i) for every 6 € [0,27), the functionr — gy(r) := g(r,0) is differentiable on[0,¢(#)), and the
derivative r — g (r) is absolutely continuous ofb), £(0)) ;

(i) the function 6 — g;(0+) is bounded;

(iii) there exist a constany) with 0 < 7 < infyc2r) £(¢) and a LEBESGUEintegrable functionc :
(0,m] — [0,00), such that for alld € [0,27) andr € (0,7], we have|gy (r)| < c(r).

We shall work throughout this subsection in the most gensetting of Definition 3.1l for WLSH
diffusions, and impose the following condition on the fions b: / - R ands: [ — R.

Condition 3.10. (i) We haves(z) #0, Va € I.
(i) For every fixedd € [0, 27), both functions below are locally integrable df, ¢(6)) :

b(r,9) and — #
2(r,0) " S0 0)

(iii) There exists a constany with 0 < n < infyc(g o) £(f), such that

e (LEBEON
O<T'I§71 32 (T7 0)

0€[0,27)

r
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With this condition, we define theadial scale functionp : I — [0,00) by

_ _ [ o [V b(z0)
p(r,0) = po(r) := /0 exp( 2/0 20.0) dz)dy, (r,0) eI, (3.10)
as well as thescale mappingP : I — J, where
J:={(r0): 0<r<pp(t(9)—), 0<<2r} and P(r,0):= (p(r,0),0), (r,0)ecl. (3.11)

These are well-defined, g50,6) = 0 and P(0,0) = (0,0) = 0. Moreover, since the mapping —
p(r,0) is strictly increasing on0, ¢(6)) for every 6 € [0,27), we see that the mapping is invertible;
we denote byQ : J — I itsinverse. From(3.11), we have the representation

Q(r,0) = (q(r,0),0),  (r,0)eJ (3.12)

whereq : J — [0, 00) is a function with the property that, for evefye [0, 27), the mappings: — py(r)
andr — gy(r) := q(r,8) are inverses of each other.

We equip both setd and J with the tree-topology, and consider their closures in titereded rays, as
in the beginning of Subsection 3.1. Finally, we exteRdto I and Q to J continuously, with the aid of
Propositior 3. 111 (iii) below.

The following result can be checked in a very direct manremplioof is omitted.

Proposition 3.11. Assume Conditiof 3.10 holds fér: 7 — R and s : I — R. Then:
(i) The mapping? — py(¢(0)—) is bounded away from zero, thuk is open in the tree-topology.
(i) Wehavep e @1, g€ Dy, pp(0) =0=gy(0), py(0+) =1 = ¢,(0+), and that
2b(r,0) , / 1 1" 2b(gy(r),0)
nr) = — r), r) = ———, r) =
po(r) s2(r 0) pp(r) qp(r) pg(qG(T)) qp (1) 32(q9(r),9) . (pf;(%(r))f
hold for everyf € [0,27) and a.e.r € (0,£4(6)).
(i) The mappingsP : I — J and Q : J — I are both continuous in the tree-topology.

We have then the following “removal-of-drift” result.
Proposition 3.12. Assume that Conditidn 3.0 holds, and consider the fundiion/ — R given by

3(r,0) := p'e(qg(r)) s(qg(r), 9) , (r,0) € J. (3.13)

If X(-) is aWALSH diffusion with state-spacé, associated with the tripléb, s, ) and defined up to an
explosion timeS, then Y'(-) := P(X(-)) is a WALSH diffusion associated with the tripl€0, s,~) and
defined up to the same explosion titfiewith state-space/ and the same underlying probability space and
Brownian motion asX(+) ; and vice versa.

Proof. We prove only the first claim, as the “vice-versa” part can staldished in the same way. Assume
that X (-) is a WALsSH diffusion with state-spacé associated with the tripléb, s, ) and up to an explo-
siontime S, and letY' (-) = P(X(-)). It follows thatY (-) is J -valued and continuous in the tree-topology.
Let us recall Definitioh 2J8. By Definition 3.1, Theorém 2.i)3(rather, its obvious generalization to
processes valued i and functions in the clas® ;) and Propositiof 3.11, direct calculation gives

‘ASn
Y (ASa)ll = p(X(- A Sw)) =Y (0)] +/0 Lix(pzoy S(Y () dW (t) + LX) (3.14)

FromY (-) = P(X(-)) itis clear that the equalityt : ||Y'(¢)|| =0} = {t: ||X(¢)|| = 0} holds pathwise,
so by [3.14) and_(215) we have

LIEnSDI() = / Ly ens, =0y AIY (EA )| = LIXCASI() (3.15)
0
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and [3.14) turns into
‘/\Sn
1Y (- A Sp)ll = [[Y(0)]] +/o Ly oy S(Y (1)) dW () + LIYEASWI(y

Therefore, it suffices to verify that (v) of Definition 3.1 kislfor Y(-) .
Itis apparent that/; 1y ;=01 dt = [, 1{x() =0} dt = 0 holds. On the other hand, since

RY() =Y ()l - 1a(arg(Y () = p(X (1) - 1a(arg(X ("))

we obtain the following, in the same way as in the derivatib@dl4):
ASn
Ry (- A Sn) = R4 (0) + / Lix 0y - 1a(@rg(X (1)) (Y () dW () + w(A) LIXASI().
0
Moreover, we observet : RY (t) =0} = {t: X(t) =0 or 14(arg(X(t))) = 0}, thus
LRACAS () = /0 10y nsy =0y ARA(EA S0) = w(A) LIXCASDI() = p(a) LIVEAs0 ()
we have used (3.15) for the last equality. Now (v) of Defimf&1 is seen to hold fok'(-) . O

We obtain the following result regarding existence and uaigss of a general AWsH diffusion.

Theorem 3.13. Assume that Conditidn 3.110 holds fér: I — R and s : I — R. Then, for every initial
distribution © on theBOREL subsets of] , there exists a unique-in-distributiowALsH diffusion X (-)
with state-spacd , associated with the tripléb, s, ) and defined up to an explosion tinte.

Proof. In light of Propositior_3.12, it suffices to show existencel amiqueness for the W.sH diffusion
Y (-) in J associated with the tripl€0, s, ), up to an explosion time5', given any initial distribution.
We shall reduce this to Theordm B.7, which considers thestatie spaceR?, not .J. In addition to
(B:13), let us defines(r,0) := 0 for (r,0) € J° := {(r,0) : r > pe(€(9)), 0 < 6 < 2m}. lItis
now straightforward, using Conditién 3]10, to check tBasatisfies Condition 316 in Sectidbn B.2, and that
I(s) = Z(s) = J°. By Theoreni 37, there exists a unique-in-distributiom-eaplosive VKLsH diffusion
Y (-) with values inR? associated with the triplé€0, s, v) , given any initial distribution inJ. Moreover, by
Remark3.B,Y (-) becomes motionless once it hifl§s) = J¢, i.e., once it exits from the sef. Thus it is
clear by definition thatt”(-) is also a VALSH diffusion in J, with explosion timeS := inf{t : Y (¢) ¢ J}.
On the other hand, assume th&t-) is a WALSH diffusion with values inJ associated with the triple
(0,s,v), up to an explosion timeS = inf{t : Y (¢) ¢ J}. Note that we stipulat&’(t) = Y (S) for
S <t < oco. Thus by settings = 0 on J¢ as before, we see immediately thet-) is also a VALSH
diffusion with values inR? associated with the tripl€0, 3, ). By Theorenl 37, its probability law is
uniquely determined, for any given initial distribution. O

4 Explosion Test for Walsh Diffusions with Angular Dependerte

Throughout this section, we have for everye I := {(r,0) : 0 < r < £(0), 0 < 6 < 27} a WALSH
diffusion (X, W), (Q,F,P*), F = {F(t) }o<t<eo With values in I, associated with the tripl€b, s, v/)
and up to an explosion timé&', with X (0) = z, P*—a.e. Herel : [0,27) — (0, 00] is measurable and
bounded away from zero, and the functiobs I — R, s: I — R are assumed to satisfy Condition 3.10.
For different initial conditionsz , these WLsH diffusions (including the underlying probability space)
are different; but we shall us&'(-) to denote every one of them. We shall let the meastifeslistinguish
them, since all the conclusions we will draw are about prdipalistributions.
We develop in this section analogues of all the results ini@e&.5.C of [14]. The two main results are
Theoreni 4.5, on the asymptotic behavior®f-); and Theorerh 419 on the test for explosions in finite time.
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4.1 Preliminaries; Explosion in Finite Expected Time

We first note that if X (-) starts at the origin andd € B([0,27)) satisfiesv(A) = 0, then X (-) never
Vvisits any region in the state-space whose rays corresgoandgies inA, with positive probability.

Proposition 4.1. For every A € B([0,27)) with v(A) = 0, we have
RX() = |X()|-1a(arg(X("))) =0, P°-—ae.
In other words, the seft > 0: X (t,w) # 0 and arg( X (t,w)) € A} is empty, folP’—a.ew € Q.

Proof. From the proofs of Theorem 3113, Proposition 8.12 and The@&&, we see that'(-) := P(X(+))

is a driftless WALSH diffusion, and that it is also a time-changed\MgH Brownian motion with angular
measurer . But a WALSH Brownian motion with angular measute can be constructed as in the proof of
Theorem 2.1 in[[12], by assigning every excursion of a refl@&rownian motion an angle via a sequence
of I.I.D random variables distributed ag. Therefore, ifY'(-) starts at the origin, it almost surely never
visits any rays with angles in a set € B([0,27)) with v(A4) = 0, because the aforementioned I.I.D.
random variables will not be valued id with any positive probability. This property is inheriteg the
time-changed WLSH Brownian motionY (-) , and then by the proces& (-) = Q(Y'(+)). O

Next, we note thatX (-) has the strong MRKoOV property. By Theorern 3.13, the probability
b(z; T) = P*(X() €T) (4.1)

is uniquely determined, for alt € I andT' € B(C(I)). Here C(I) is the collection of allI-valued
functions on[0, co) which are continuous in the tree-topology and get absoriped hitting the boundary
oI == {(r,0) : r = £(0), 0 < 6 < 27}, the BOREL subsets of this space are generated by its finite-
dimensional cylinder sets. Since we construcfédt) in the last section through scaling and time-change,
it is clear that the mapping — bh(xz; I') is measurable od, for every I' € B(C(I)) .

The following result can be proved by connecting to localtingale problems, through a combination
of adaptations of Propositions 6.1 and 9.1[in/[12], thatvallm explosion time; we will omit its proof.

Proposition 4.2. For everyz € I, the processX (+) is time-homogeneous strongly Markovian, in the sense
that for every stopping tim@ of F and every sel” € B(C(I)) we have

P*(X(T +-) eT| F(T)) = b(X(T); I), P* —a.e.on{T < S}.

Now we recall the radial scale functign: I — [0, 00) in (3.10), and observe frorh (3.14) thatturns
X (+) into areflected local martingale, which is the radial pathefdriftless VALSH diffusion Y = P(X).
By analogy with one-dimensional diffusions, we introdusegpeed measure

2dr .

my(dr) := W ) (r,0) el 4.2)

as well as the ELLER function

T

o(r,0) = vp(r) := /0 Py (yyma([0, y))dy = /O (o) — po(y))me(dy), (rnO)el.  (43)

We have the following result regarding the functiomsand v .

Proposition 4.3. (i) The functionv : I — [0,00) of (43)is in the class®; (cf. Definition[3.9) with
v, (0+) = 0; and for everyd < [0,27), we have

b(r, 0)l(r) + 332(70,9)@5'(7«) 1, ae re(0,0). (4.4)
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(i) Forevery# € [0,27), the function

ve(r)

po(r)
is strictly increasing on(0, £(¢)) with (;’,—Z) (04) =0. Thus (;—Z)(E(Q)—) is well-defined (but may beo).
(iif) We have the implicatiorpy (£(0)—) = co = wvy(¢(0)—) = oo, foreveryd € [0,27).

Proof. The claim(i) can be checked in a very direct manner. Moreover, we havie.By tf#at
vg(r) /T Po(y)
= 1-— my(dy),
2o = Jy (7 )o@
and (i) is then immediate from this, and from the fact that(r) is positive and strictly increasing on
(0,4(9)) . Finally, (iii) follows clearly from(ii). O

Now we give a sufficient condition foX (-) to explode in finite expected time.
Proposition 4.4. We haveE*[S]| < co for everyz € I, if

v({0: pp(t(®)—) <o0}) >0 and  sup (%)(5(9)—) < . (4.5)
oefo,2nr) “Po
In particular, we haveE*[S] < oo foreveryz € I, if supgejg or) vo(€(0)—) < oo,

Proof. Assume that{(4]5) holds. Then we can define

LT () (e0)-) v(do) e v
Cr =" ) C2(6) = — i (p—a)(z(e)—), (4.6)
M (r,0) = My(r) :== —vg(r) + C2(0) po(r) + Cy (r,0) el. 4.7)

Note that the expression far(¢) in (4.6) is meaningful even in the cagg(¢(0)—) = oo.

Now M is a well-defined function o, as M (0,6) = C; . Sinced — pg(¢(0)—) is bounded away
from zero by Proposition 3.11 (i), we see théat— Cy(#) is bounded, and thal/ € ©;, thanks to
Propositiori 4.8 (i). Moreover, by Propositidnsl4.3 and Bitlis easy to check

7 My(0+)v(dd) =0 and  b(r,0)My(r) + %SZ(T,H)Mé,(T) =-1. (4.8)

Recalling Definitior 2.B, we apply Theordm 2.13 (again, ltigious generalization to processes valued in
I and functions in® ;) and obtain thé*—a.e. equality

TASy
M(X(TASy)) = M(ﬂc)—(T/\Sn)+/() Lix o M'(X () s(X(t))dW(t), 0<T <oo, (4.9)

where S, is as in Definitior 3.1L (iii). With

tASy,
Tp := inf {t : / Lix (w0} (M'(X(u)) S(X(u)))zdu > n} NSy,
0
taking expectations i (4.9) yields
E* [M(X(7)) + 7] = M(z), VneN. (4.10)
On the other hand, we have by Proposifiod 4.3(ii) that
po(r) > [ ) vg }
M(r,0) =C1|(1— ———— ) + — () —)—(— >0, V(ro) el.
) = € (1= L) i) [(2) 0 -) - () ) (r.6)
Thus [4.10) impliesE*[7,,] < M(x), ¥n € N. Letting n — oo we get E*[S] < M(z) < co.
Finally, we note thatsupyeg 2r) vo(£(0)—) < oc implies [4.3), thanks to Propositién 4.3 (iii) and
Propositior 3.111(i). Propositidn 4.4 is now proved. O
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4.2 Asymptotic Behavior Near the Explosion Time

Throughout this subsection and the next one, we use thdamt@tt) := arg(X (t)) wheneverX(t) # 0,
and recall from[(Z29) the process

Ri() = X0l -14(0()), VAeB(0,2m).

We recall also the function$?,, } >, and the setqI,,}°> ; atthe beginning of Subsection 3.1.
The following main result of this subsection discusses #tealior of X (¢) ast approachesS .

Theorem 4.5. Let z = 0 in the context specified at the beginning of this sectionh \yitdefined as in
(3.10), we distinguish two cases:

M) v({8: po(t(8)—) < 00}) > 0.

Then the limit in the tree-topologlim,1s X (¢) existsP%-a.e. in the extended rays, an¥l (S) := lim;s X (¢) €
oI .= {(r,0) : r=1£(0), 6 €[0,2m)}. Moreover, we have in this case

I paratar=y ¥(49)

PO(O(S) e A) =
(() ) fozwwle)_)’/(de)

: VA e B([0,27)). (4.11)

(i) v({0: pe(£(h)—) < 0})=0.
ThenP%—a.e., we have that the limlim;s X (¢) does not exist, and that

u<{9; oi?fs%}(t) > M@)}) —1, VYneN (4.12)

holds, where the closure is taken @, 2) ; in particular, P (S = c0) = 1.
Moreover, whenever({#}) > 0 holds, we have

sup Ry (t) = €(0), P°—ae. (4.13)
0<t<S

Remark4.6. We stipulateé =0 in (4.11). Sinced — py(£(6)—) is bounded away from zero, we see that
(4.11) makes good sense, provide6 : py(¢(f)—) < co}) > 0 holds. We make no claim ifi) regarding

the finiteness ofS, and the result holds there regardless of whethieis finite or not. A full discussion
regarding the finiteness & appears in Subsection 4.3.

Remark4.7. If we replace 7,,(6)" by “ £(9)” in the property [4.12), then this new property no longer dml
in general.Indeed, letv be the uniform distribution o0, 27) in (ii); then [4.1B) holds for n@ € [0, 27),
PO—a.e. This is becaus& (-) will be on different rays for any two of its excursions awagrfr the origin.

Proof. We first note that the explosion tim& does not depend on the choice of the approximating sequence
of functions {¢,,}5° , , becauseS = inf{t : X(¢) ¢ I} always holds by[(3]5). Thus in the proof @f, we
will assume that

po(ln(0)) <n and vp(€n(0)) <m, VO e0,2r), VneN; (4.14)
for otherwise, we can define

£u(6) == sup {r: 0 <7 < £,(6), por) <n, vg(r) < n}

and let the sequenc{a@ o , play the role of{¢,,}2° , . However, we will not assumg (4.114) when proving
(i), becausel,, appears explicitly in the conclusion €f).
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Proof of (i). Step 1. We shall provdi) in this step, albeit under the assumptions

sup pp(l(0)—) < oo and sup vp(¢(0)—) < 0. (4.15)
0€[0,27) 0el0,27)

With (£.18), we haveE°[S] < oo by Propositioi 414, thu®%(S < oo) = 1. Thus, from [3.5) we know
that X (S) = limys X (¢) exists under the tree-topology if(r,0) : r = £(6), 0 < 6 < 27}, PP-a.e. It
develops tha©©(S) is a well-defined random variable with values|in 27) ; we denote its distribution by
v, a probability measure ofj0, 27), B([0, 27))) .

Let us define thecale function associated with a sdte 5B([0,27)) by
Py (r) = pt(r,0) := p(r,0) - (W(A) - 14c(0) — v(A°)-14(0)),  (r,0) €. (4.16)

Clearly, we havep? € ©; and f ) v(df) = 0. Now with the help of Proposition 3.1 and
Theoren{ 2.1B, we can easily check thﬁ’t -A\'Sy,)) is alocal martingale — and actually a martingale,
because(4.15) gives the boundednespfbfon I. Then we may leth — oo to obtain thatp? (X (- A S))

is a bounded martingale. This gives

2
0 = p*(0) = E°[p*(X(5))] = E°[p*(£(6(5)),0(9)) ] = /0 p™ (¢(0),0) v(d0)

= v(A)- [ ple6))5(00) = w14 [ po(e(6)-) #(a0): @17)

here we have extended the functipfl to T continuously, so thap” (X (S)) is well-defined.

From [4.17), we observe that(A) = 0 holds whenevew(A) = 0. Thus the measure is absolutely
continuous with respect to-, and we may assume thak(df) = (0)r(df) for some functiony) :
[0,27) — [0, 00) . Now for (4.11) to hold, we only need to show that

1
() = f Pe(f(e) ) o) , v-a.e. 0 €[0,27). (4.18)
Pe
To this effect, we consider the sets
1 1
A, = {9: $(0) > e 20T } and Ay i— {9: $(8) < e 200 }
I ey v(d9) " sy v(d0)

Letting A = A; in (4.17), it is easy to deduce that eithefA;) = 0 or v(A;) = 1 must hold. But the
latter cannot happen, for otherwise we would hax§0, 27)) = 02%(9) v(dfd) > 1. Thusv(A4;) =0
holds, and we deduce(As) = 0 similarly. This way we gef(4.18), and Step 1 is now complete.

Step 2.This step will complete the proof ¢f). We first show the existence dfins X (t), P°-a.s.

Case A:v concentrates on one angl&,. Then pg,(£(6p)—) < oo, and X (-) stays a.s.on the ray with
anglefy , by Proposition 4]1. Thus the procesSX (-)) is bounded. Bup(X (-AS,,)) is alocal submartin-
gale (as a reflected local martingale), thus a true subngaténand so i(X (- A S)). We deduce that
limys p(X (t)) existsP?—a.e. SinceX(-) stays on the same ray, the existenceiof;1s X (t) follows.

Case B:v does not concentrate on one ang®&ince v({6 : pg(£(6)—) < oo}) > 0, we can choose an
M > 0 and anAj; C [0,27), such thatpy(¢(6)—) < M forall § € Ay, and that0 < v(Ay) < 1

Then the functionp”™ is bounded from below. Step 1 shows that™ (X (- A S,,)) is a local martingale
for every n € N, thus a supermartingale, and we may fet— oo to obtain by ATOU’S lemma that
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pM (X (- A S)) is a bounded from below supermartingale. Therefdiey,s p”™ (X (t)) exists P°—a.e.
Now we set

PAYM(r,0) = (|[p*¥(r,0)].0)  for  (r,0) €l
and noteP4M (1) = JAM where, thanks td) < v(Ays) < 1, the set

JAM = L(r0) 10 <7 < [ppM(0)-)], 0< 6 < 2r)

is open in the tree-topology. By the continuity &f(-) in the tree-topology, the existence of the limit
limyg pA™ (X (¢)) implies the existence dfimys P4 (X (¢)) in JAm , under the tree-topology.

By analogy with Section 3.3, and thanks once agaite: v(Ay;) < 1, we can define the inverse
mapping Q4™ : JAM — [ of PAM  and bothQ4» and P4™ are continuous in the tree-topology.
Moreover, we can exten@” to JAv and P4™ to T continuously. We see then, that the existence of
limys PAM (X (¢)) in JAm implies the existence of the limifms X (t) in 7.

Next, we turn to the proof ofX (S) € {(r,0) : r = £(0), 0 < 6 < 27}, as well as[(4.11). Let us define

0 (0) == £,(0)-14(0)+01n(6)-1ac(6), I, ={(r0): 0<r<i.(0),0<0<2r}, (4.19)

Spt = Inf{t > 0: | X(@)[| > ¢},(0()} = inf{t >0: X(¢) ¢ I},,} (4.20)
for A € B([0,27)) andm, n € N with m > n. By (4.14), we havesupyco ar) p9(£,§7m(9)) < m and
SUPge(0.27) Vo (L (0)) < m. Thus Step 1 show&(S;!,, < co) =1, and that

— 1 ___(do
PO(O(S4,) € A) = Ja satt.zay V() VAeB(0,2r). (4.21)

fA pe(f,ll(e)) v(de) + fAc m v(df) ’

Note that the event§©(S:.,,) € A} are increasing inn. Setting K := {(r,0) : r > (,(0), 6 € A},
we have then

PO(X hits K7') > P°(O(Si,,) € A for somem > n)

[y = v(d0)

- A A po(ln(0))

= Jim P(O(Shm) € 4) = 7 V1d6) + [y b (0]
A Pe(f 9)) Ac pg(€(0)-)

Since X (9) := limyg X (¢) existsPC-a.e., we may letv — oo in (4.22) and obtain

Ja W(le y v(df)
f pe(f(e v(df)

(4.23)
In particular, PO(X(S) € {(r,60) : » = £(f), 0 < 6 < 27}) = 1. ReplacingA by A° in (.23) and
adding this back td (4.23), we find that the inequality sigrfdr?3) can be replaced by an equality sign.
Thus [4.11) follows, and the proof of Theorémld)%s now complete.

Proof of (ii). Here we cannot assunie (4.14), but can use the res(i;t.cBecausepg(eg‘vm(H)) < oo for
every 0 € [0,2x), we recover[(4.21) by an application 6f(4.11). Thus we have

(4.22)

PO(X(S) € {(r,0): r=£(6), 6 € A}) = P°(X hits K for every n) >

PO(oiltlfs Ry, (t) > £,(6) for somed € A) > P°(0(S;},,) € A for somem > n)
fA pewllw» v de)
Ja pe(z + Jae o= v(d9)

) =1 (4.24)
for every A € B([0,27)) with v(A4) > 0, because/({e pg( 0)-) < oo}) = 0.

= lim P°(6(S;,,) € A) =

m—0o0
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Now we can find an everf2* € F with P9(Q2*) = 1, such that for every € Q* and everyA = [a, b)
with a, b € QN [0,27) and v(A) > 0, we havesupy<,.g ng}(t,w) > (,(0) for somefd € A and all
n € N, so [4.12) is obtained. Moreover, if({#}) > 0, we can takeAd = {6} in (4.24) and see that the
inequality supy<; g Rf‘(;}(t) > £,(6) holds P°—a.e., for everyn € N; thus [4.13) follows.

Finally, we show that the nonexistence bifn;g X (¢), and the propertyS = oo, follow directly,
thanks to[(3.b). To this effect, we set

AP = {0 : po(L(0)—) < o}, IP:={(r,0): r>0, 0 € AP}

and % := {wy € C(I) : wa(t) = 0 forsomet € [0,00)}. Recalling [41), and using the theory of
one-dimensional diffusion (e.g. Propositions 5.5.22,325n [14]), we deduce

hz; TO) =1, V zeI\IP. (4.25)

With T, := S, An, we haveT, < S, P°—a.e. Sincev(AP) = 0, Propositio 411 shows that (T},) €
I\ I?, P°—a.e. Now we apply Propositidn 4.2 and obtdf(X (7}, + ) € I'’) =1, Vn € N. It
follows that, P°—a.e., if limyg X (t) exists, it must be0. Comparing this fact with (4.12), we see that
lims X (t) does not existP?—a.e. O

Theoreni 4.5 takes the origia as the starting point ok (-). For a starting point € I, by the strong
MARKOV property, we can treak (-) as a one-dimensional diffusion before it hits the origind arse
Theoren 4.b afterwards. The following result can be derimeslvery direct manner, so we omit its proof.

Corollary 4.8. In the context specified at the beginning of this sectionglet (rq, 6y) € I. We distinguish
two cases:

(i) v({0: pe(£(6)—) < o0}) >0.
Then limy g X (t) existsP?—a.e. in {(£(6),0) : 6 € [0,27)}, and for everyA € B([0,27)) we have

. _ 1 wwteyy ¥(49) Py (o) Py (o)
FOEEA) = (1 o) + 1 s @2

(i) v({68: po(t(6)—) < o0}) =0.
Then we have

x( pr\ _ pBO(TO) z ._ ) _
P = T T £ {%X(t) = (£(60), 60) }-

On the other handP*—a.e. on (C”)C , we have thatim g X (¢) does not exist, thaf = oo, and that

,,( {9: sup R\ (t) > en(a)} > =1, VneN. (4.27)

0<t<S

Moreover, whenever ({#}) > 0, we have sup <5 ng} (t) = €(9), P*—a.e. on(L")".

4.3 Test for Explosions in Finite Time

This subsection provides criteria for the finiteness of t@asion time. These involve the scale argel EER
functions of [[3.10),[(4.3), and of course the measur&he proof of Theorein 4.9 is in the Appendix, Section
6; whereas the proof of Corollary 4]10 is omitted, for the sagason as that of Corollary 4.8.
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Theorem 4.9. Let z = 0 in the context specified at the beginning of this sectionh Wi functionsp and
v defined by((3.10) and (4.3) respectively, we distinguisbelvases:

(i) v({6: vp(t(9)-) < c0}) =0.

Then we havé?? (S < 00) =0.

(i) v({0: vg(¢(0)—) < oc0}) >0 and v({6 : vy(¢(0)—) = o0, pe(£(0)—) < x}) =0.

Then we havéP?(S < o) =1.

(i) v({0: ve((0)—) <oc}) >0 and v({f : vye(¢(0)—) = 00, pe(¢(0)—) < c0}) > 0.

Then we have) < P?(S < o0) < 1.

Corollary 4.10. In the context specified at the beginning of this sectionglet (¢, 6p) € I .
We distinguish three cases:

() v({0: ve(£(0)—) < o0}) =0.

Then we havéP” (S < oo) = 0 if vy, (£(fp)—) = 00, and 0 < P*(S < co0) < 1 otherwise.
(i) v({0: ve(£(8)—) < o0}) >0 and v({0 : vg(£(0)—) = o0, pe(¢(0)—) < }) =0.
Then we havéP” (S < co) = 1 if either vy, (€(6)—) < oo or pg,(£(6y)—) = oo hold,
whereas we have < P*(S < o) < 1 otherwise.

(i) v({0: ve(£(0)—) <oc}) >0 and v({f : ve(¢(0)—) = 00, pe(¢(0)—) < c0}) > 0.
Then we always have < P*(S < oco) < 1.

5 Optimal Control / Stopping of a WALSH Semimartingale on the Unit Disc

We consider a WLSH semimartingaleX (-) as in Definitior 2.14, i.e., a semimartingale on rays with the
property [2.1D) for a fixed measure. This processX (-) takes values in the closed unit dige with

B = {(r,0): rel0,1),0c0,2m)}, (5.1)

and is driven by an1ld processU () whose local drift and dispersion process#s), o(-) are controlled.

More precisely, we assume now that, for evérg B = B\ {0}, there is a nonempty subsét(¢) of
R x (0,00), serving as the “control space” gt i.e., the proces$5(-),o(-)) takes value inkC(¢) at time
t € [0,00), whenever the current position ¥ (¢) = £. We also setC(¢) = {(0,0)} whenever||{|| =1,
meaning thatX (-) is absorbed upon reaching the boundary®f We donot assume, however, that there
is a control space at the origin; we posit rather that, whehebrigin, the process{ (-) is “immediately
dispatched along some ray”, i.e., tht(-) satisfies the first (non-stickiness) requirementinl(3.3).

To make all this more precise, consider an adapfedyalued semimartingaléX (-) on a filtered prob-
ability space(2, F,P), F = {F(t)}o<i<co Which is continuous in the tree-topology, satisfles](3.8) a

dIX®)| = Lixwzoy (BR) At + o(t)dW (1)) + dL¥l(@),  X(0)=2€ B. (5.2)

Here W (-) is an F—Brownian motion, and3(-), o(-) are F—progressively measurable processes, satisfy-
ing almost surely the integrability and consistency caodg

/0 1{x ()20} (|ﬁ(u)| + 02(u)) du <oo and (B(t),o(t)) € K(X(t)), forall ¢ € [0,00). (5.3)

Given an initial positionz € B, we denote byA(x) the collection of all VALSH semimartingalesX (-)
which can be constructed as above, and are thus “availabt&&tcontroller ate .

For every planar semimartingal®(-) € A(x), we denote by7x the class of allFX —stopping times,
from which the controller can also choose a way to stop thérotbed processX (-). We refer to[[15] and
[17] for similar considerations regarding the collectidrab available processes (the “gambling house” in
the terminology of UBINS & SAVAGE [4]).
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Problem 5.1. Control and Stopping of a WALSH Semimartingale. Consider as our “reward function”
a bounded, measurablg’ : B — R, continuous in the tree-topology, . We want to find, for eaaltisiy
position x € B, a processX*(-) € A(x) and a stopping timer, € Jx~ that attain the supremum
V(z) = sup E[U(X(7))]. (5.4)
XeA(z), 7eTIx

We use here the conventidii(X (co)) = limsup,_,., U(X ().

This is a stochastic control problem with discretionarypgiag, in the spirit of[[2], [13],[[15], for a
WALSH semimartingale. We shall solve this problem fairly explijcunder some mild additional regularity
assumptions and in a manner inspired(by [15], which treatseadimensional analogue. It is surprising, to
us at least, that this problem should admit a very explidiitsm; this is given in Theorem 5.16, Subsection
5.3, with the help of the results developed in Section 2-4drteir refinements in Subsectibn b.1.

5.1 A Refined Stochastic Calculus

First, we need to extend the class of functiasgiven in Definition 2.7, as follows.

Definition 5.2. Let ¢ be the class of BREL-measurable functiong : R? — R, such that:

(i) forevery#® € [0,27), the functionr — gy(r) := g(r,0) is the difference of two convex and continuous
functions on[0, o0), and thus the left- and right-derivatives— D*gy(r) exist and are of finite variation
on compact subintervals @b, co) ;

(ii) the function # — D% gy (0) is well-defined and bounded;

(iii) there exist a real number; > 0 and a finite measure: on ((0,7), B((0,7))) , such that for all

6 €[0,27) and 0 < ry < rp <, we have|D?gy([r1,72))| < p([r1,72)) . Here we denote byD?g, the
“second-derivative” measure @jp , i.e.,

D?go([r1,72)) = D™ gp(r2) — D™ go(r1) VO<r <719 <o00.

For this more general class of functions, we have the foligwaxtension of the REIDLIN-SHEU-type
change of variable formula developed in Theofem12.13; i®fis in the Appendix, Section 6.

Theorem 5.3. We let X (-) be aWALSH semimartingale with angular measure, and recall the notation
O(-) = arg(X(+)). Then, for any functiory € € as in Definitior{ 5.2, the procesg X (-)) is a continuous
semimartingale, and satisfies tRREIDLIN-SHEU-type identity

9(X()) = 9(X(0)) +/ Lixz0y D™ 9o (IX @) dIX (@) (5.5)
2
+ > / / 1{x(20, o()=6y D2ge(dr) LIXN(dt, r) + < D+ge(0)'/(d9)) LX)
0€(0,27) 0
Furthermore, for any functiory as in Lemma2.10, we have
| rxaagxine =2 3 / | 1m0 o0 S0 ar D0 @tr) . (69)

0e[0,2m

Remark5.4. Quite clearly, we may also extend the cla®s of functions in Definitio 3.9 in the same
way, and denote the resulting extended classtlhy Then it is also easy to write down a version of the
above change-of-variable formula forAAsH semimartingales with values i, and functions in€; . In
particular, this stochastic calculus works for any funttipe €5 and processX (-) € A(x) with = € B.

The summation in[(5]5) makes sense, because the summanazisroamnly for countably many'’s;
indeed, O(-) is constant on each excursion interval | (-)|| away from the origin, and on each generic
path there are at most countably many such intervals.
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5.2 Optimal Stopping of a WALSH Diffusion on the Unit Disc

Let X () be a WALSH diffusion with values in the unit dis® of (5.1), associated with some given triple
(b, s,v), where the functionsh : B — R and s : B — R satisfy Conditio 3.10 with/(§) = 1. We
recall the radial scale function d¢f (3]10), and assume

po(l—) < o0, vV 0 el0,2m). (5.7)

Considering the same functiofi as in Probleni 5]1, we define the value function of dpmal stopping
problemfor X (-) by

Q(x) == sel? E*[U(X(7))], =€ B. (5.8)

We are using here the superscript for the starting position, as in Section 4; we note that thereo
superscript in[(5}4), as the starting pointis implied through the requirement (-) € A(z) . This is a pure
optimal stopping problem for the M/sH diffusion processX (-), without any element of control.

In the standard theory of optimal stopping for one-dimemaiaiffusions on a finite interval, the value
function is given by the smallesf—concave majorant of the reward function, whefes the scale function
of the one-dimensional diffusion under consideration. ¥l thata function is said to beS—concave, if
and only if it is a concave function & . This S—concavity is the precise characterization of all excessive
functions for a one-dimensional diffusion; those functidarn the diffusion into a (local) supermartingale.
We refer to the works [5][ ]3] and the references cited thienetreatments of the optimal stopping problem
in the context of one-dimensional diffusions, and for sommpprties ofS—concave functions.

For a given WALsH diffusion X (), a natural guess from the change-of-variable formula ofoféra
5.3, is that an excessive functignfor X (-) should have for every the p,—concavity property along the
ray of angled, and satisfy the additional requirement

2
Dtgy(0)v(df) < 0. (5.9)
0
This requirement ensures the supermartingale property( &f(-)) , when X (-) passes through the origin.

Condition [5.9) was considered also i [9], where a charaetiion of all excessive functions for a
WALSH Brownian motion was obtained. In the more general setting WiaLsH diffusion as considered
here, we cannot obtain such a characterization, due to tpdandependence in the drift and dispersion
characteristics that prevents the use of one-dimensiowairgon theory. We can, however, use the above
idea to describe precisely the value functi@nof the pure optimal stopping problem [n_(5.8), with the help
of the FREIDLIN-SHEU-type change-of-variable formula in Theorém]5.3.

Definition 5.5. Concavity: A function ¢ : B — R is said to bep—concave with angular measuune, if
(i) foreveryd € [0,27), the functionr — go(r) is pg—concave, i.e.go(r) = go(po(r)), r € [0,1]
holds for some concave functiaf : [0, pg(1—)] — R, and

(i) the condition[(5.9) is satisfied.

Definition 5.6. Pencil of Least Concave Majorants:For the reward functiori/ of Problen{5.0L, and for
every constant > U(0) , we define the functio/(®) : B — R via

U (r,0) = Uec)(r) =inf {o(r) : 0(-) = Uy(-), ¢:[0,1] = R is py—concavep(0) > c}. (5.10)

The objects introduced in Definition .6 will be seen in Theeol5.8 to provide the crucial link between
the problem of finding the smallegt—concave majorant o/ with angular measure , and the analogous
problem along each ray.

The following result provides some useful properties offimection U(¢) in (5.10); its proof is in the
Appendix, Section 6. Analogues of statement (ii) in Propmsi5.7 have been considered already; see
Section 111.7 of [5], Section 4 of [20], and Section 3 bf [16].
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Proposition 5.7. (i) For every real constant: > U(0), the functionU(©) of (5.10) is continuous in the
tree topology and satisfie§ () (0) = ¢, as well asU () (1,0) = U(1,4) forall 6 € [0,27).

(i) WheneverUec)(r) > Upy(r) holds for somed and for all » in some interval(ry,72) C [0,1], the
mappingr — UG(C) (r) is an affine transformation of — py(r) on [ry,re].

(i) If ¢ > U(0), then the functior/(?)| , belongs to the clasg s (cf. Definition(5.2 and Remafk5.4).
(iv) The function® : [U(0),00) — R|J{oo} below is well-defined, continuous, and strictly decreasing

D(c) = /:W DUS?(0) v(dh). (5.11)

We have the following crucial result, regarding the problehoptimal stopping in[(58).

Theorem 5.8. In the context specified at the beginning of this subsectieyalue functionQ : B — R
of the optimal stopping problem defined asin15.8) and wijithx) := U(x) for ||z|| = 1, is continuous in
the tree-topology.

(i) This function( is the smallestp—concave majorant ol/ with angular measure ; in particular, @
itself is p—concave with angular measuee, and can be written as the lower envelope

Q(z) = inf {g(z): g(-) > U(:), g: B— R is p—concave with angular measure } (5.12)
of all such functions that dominaté. Moreover, the stopping time
o=inf {t>0: U(X(t) =Q(X(t))} (5.13)

belongs to the class/x , and attains the supremum {n(b.8).
(i) The function@ can also be cast in the form

Qz) = U (z), with ¢g := inf {¢ > U(0) : ®(c) < 0}; (5.14)

here U(%) is as in Definitio 5.6, andp is given by[(5.111). Moreover, if)(0) = ¢y > U(0), then @ has
“no concavity at the origin”, in the sense that

/% DtQy(0)v(df) = 0. (5.15)
0

Remarks.9. The property[(5.15) is the counterpart at the origin, of ttwpprty in Propositiof 517(ii). Taken
together, these two properties ensure that the pro@¢ss(-)) “is a martingale before entering the stopping
region” {z € B : U(z) = Q(x)}; to wit, that Q(X(- A 7)) is a martingale. On the other hand, the
p—concavity with angular measure of the function@, implies thatQ (X (-)) is a supermartingale.

Proof of Theorem 5.8We shall show first that the representations (5.12) and )&fe!l equivalent; then
that [5.14) holds, and the stopping time[of (5.13) attaimsstipremum in (518). The remaining claims will
follow directly from (5.14) and Propositidn 5.7.
e From Propositiof 5]7, it is clear that the functiéf<®) is p—concave with angular measure. On the
other hand, taking any function: B — R that is p—concave with angular measute and dominated/,
we haveg(0) = U(©)(0) and g(-) > UW©)(.), therefore
2w 2w
29(0) = [ DU 0)w(ds) < [ Do) vias) <o.

0 0
It follows that g(0) > ¢, and consequently(-) > UWO)(.) > U(<)(.). We have thus shown th&t (5]12)
and [5.14) are equivalent.

e Next, we show that/(®0) (z) = Q(z) . The main idea lies in the following claim.
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Claim 5.10. The procesd/(“0) (X(-)) is a bounded supermartingale; moreover, with
Foor=inf {t>0: U(X(t)) =U(X(t))},
the stopped procesE (°) (X (- A 7,)) is a bounded martingale.
Proof. (A) We assumey, > U(0) first. Then [" DU (0) »(dd) = 0 and U(®) € €5 hold, thanks

to Propositior 517 (iii), (iv). We recall the explosion time := inf{¢ : ||X(¢)|| = 1}, and consider the
stopping timesS,, := inf{t : || X(¢)|| =1—(1/n)}, n € N. Now Theoreni 5J3 (both (5.5]. (5.6)) gives

‘ASp
U (XCA50) = U XO) + [ 1oy D7USH (IXON) [BX0) e+ (X (2)) aW (0]

+z/

0€[0,2m)

‘NSn 27
Lix (@0, 0(0)=0) / ¥ (at, r) D205 (ar) + ( /0 DU 0) w(an)) ()

‘ASn

— U (x(0)) + /0 Lix w20y D™ USH) (IX(0)]]) (X (£)) AW (2)

(e 2b(r, 0 c
+ Y / 1(x(1)%0, ©(t)= 9}/ LIXlae, r) {D Uf (’)(T)Szgr H;deng O)(dr)] (5.16)
0€l0,2m) ’

Now let us assume that the functiaf}™ is of the form U (-) = T (py(-)) , with TS : [0, pp(1-)] —
R concave. We have then

2b(r, 0) 2b(r, 0)
s2(r,0) s%(r,0)

= —D= U (po(r)p(r)dr + DU (po(r))piy(r)dr + p(r) (DTS (p(r)))

= ph(r) d(D=US™ (pa(r))) - (5.17)

The last expression is nonpositive, sinﬁéc‘)) is concave; yet it vanishes near if UG(CO)(T‘) > Uy(r),

thanks to Propositiofi5.7(ii). On the other handJf* (r) = Uy(r) , then by the definition off, and the

nature of local times, the procedd Xll(- A 7,,7) does not increase whek (-) is on the ray with anglé .
Putting these observations together, we see that themgbt-side in[(5.16) is a local supermartingale;

and that if we stop this process at tirfie, we get a local martingale. As it is clear that the functiGffo)

is bounded, we leto — oo and obtain the claim.

(B) Now we consider the casg = U(0). Then ®(cy) < 0 holds, and therefore also do@$c) < 0 for
anyc > co. Thus for anyc > ¢, we apply Theorerh 513 as above and show @&t (X (-)) is a bounded
supermartingale. Since

[D—Uémk 20 0) 4, D200 (4 ﬂ = DO (o () (1) 22 4y 14D T (py () )

U () < U@ ) < U () 4 ¢ — ¢
(clearly, Uéc“)(') + (¢ — ¢p) is pp—concave and dominatds), we let ¢ | ¢p and obtain that the process
U(©)(X(-)) is a bounded supermartingale.

On the other hand, sincg) = U(0), the processX (- A 7,) stops at the origin once it finds itself there;
so it never changes the ray it is on, abtd*ll(- A 7,) = 0. Thus, the one-dimensional generalize® rule
shows thatl/(®) (X (- A i)) is a bounded (local) martingale, following the same ideabasa O
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From the Claini.5.10, and for any stopping time= 7x , we have
U () > E*[U) (X ()] > E*[U(X(1))] .

Furthermore,U(®)(z) = E*[U)(X(7,))] = E*[U(X(%))], where the last equality holds because
X(S) € 9B and U()(-) = U(-) on dB. These facts come frori (5.7), Theoreml 4.5, and Proposition
B.4(i). We concludel/(«0) () = Q(z), and the stopping timé&, (= 7, ) is optimal.

The proof of Theorerh 518 is complete. O

5.3 Solution to the Problem of Optimal Stochastic Control wih Discretionary Stopping

Now we go back to the context of Subsection 5.1, and deal witiblPm[5.1 of stochastic control with
discretionary stopping. We shall provide a characteozatif the value function of this problem, as well as
an explicit description of a control strategy and of a staggime, that attain the supremum in (5.4).

We start by introducing, for every € [0, 27), the maximum of the reward functioy on the corre-
sponding ray:

Uy = Jmax Up(r), (5.18)
as well as the left-most and right-most locations whererttagimum is attained, namely
Ao = 1inf{r € [0,1] : Up(r) = Uy}, 0p :=sup{r € [0,1] : Up(r) = Uy }. (5.19)

We assume that there are two pajts, sg), (b, s;) of BOREL-measurable functions of , which
(i) satisfy Conditiori:3.10 with/(#) = 1, and whose corresponding radial scale functions safis#),(&nd
(i) are such that(b;(x), s;(z)) € K(x) holds forallz € B andi = 0,1, and

bg(ac) _ inf{% . (B,0) € IC(glc)}7 b;(m) = sup{% . (B,0) € K(m)} (5.20)

sp(x) si(x)
Definition 5.11. Candidate Optimal Control Strategies:For every real constant > U(0), we consider
a pair (b{9), s(?)) of BorEL-measurable functions o , which:
(i) Satisfies (b(°) (), s (x)) € K(z) for all z € B and Conditior 3.0 with/(d) = 1, and the
corresponding radial scale functions sati§fyl(5.7).
(i) For 6 € [0,27) with Uy < c, satisfies(b(¢)(r, 8), s\ (r,0)) = (by(r,0), so(r,0)) forall r € (0,1).
(iiiy For ¢ € [0,27) with Uy > c, satlsfles(b(c (r,0),5) (r,0)) = (by(r,0), so(r,0)) forall r € (gg,1).
(iv) Ford € [0,2m) with U; > c, satisfies(b(®) (r, ), s (r,0)) = (b1(r,0), s1(r,0)) for all 7 € (0, \g).

Remark5.12 Every real number: > U(0) can be seen as a “tentative guess” for the vafy®) . If indeed

¢ = V(0), then the optimal control strategy is to takg®), s(°)) as coefficients, and optimally stop the
resulting WALSH diffusion; the value functiorQ(®) for this optimal stopping problem should then be equal
to ¢ at the origin. The way we choos@(®), s(®)) in Definition[5.11 is inspired by [15].

In conjunction with the previous section, we see tha¥’if0) = ¢, then the function/ (<) defined
as below is the value function of the optimal stopping probler the WALSH diffusion associated with
(b\), s(°) 1) and reward functiorl/ . This property will help us find/ (0) .

Definition 5.13. For every real constant > U(0), we define the functionv(©»”) . B — R as
Uer(r,0) = U(,(C’p(c))(r) , Where

Ul () = inf {e(r): @() = Us(), ¢ :[0,1] > Ris pj’—concave withs(0) > c}.  (5.21)
Here p(©) is the radial scale function that corresponds, kia (3.1®}he pair of functions(b(®), s(%)) in
Definition[5.11.
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Remark5.14 In Definition[5.11, we did not specify the valugs(©) (r,0), s (r, )) in the caseU; = c
andr € (0, gg] , orinthe casel/; > ¢ andr € [y, gg] -

In these two cases, the values in question need only be clagably, to make the resulting functions
(b(°), () satisfy the property (i) of Definition 5.11. For exampléy (-, 0), so(r, 6)) and (b1 (r,6), s1(r,6))
are two allowable choices. We note that this ambiguity dag<arry over to the functiort/ (')

Proposition 5.15. For every real constant > U(0) , the functionU/“*'”)) is uniquely determined, regard-
less of the ambiguity in the choice (5(%), s(°)) in Definition[5.11.

Moreover, for any givery € [0, 27), the following hold:
(i) If c< Uy, wehave

DUy >0 0n (0,29), DU () <0 0n (g5,1), and UL () = Up on [N, 0s].
(i) If c="U,,wehave

DU () <0 on (g9,1), and USSP (-) = Uz on [0, 0g)
(i) If ¢> U;, we have
DU () <0 on (0,1).

(iv) With (U©), p) replaced by (U, p(©) | the statements of PropositiGn 5.7 hold here as well.

Proof. The proof of (i)-(iii) is elementary, using the definition of(©r“) ; see also the end of Section 3 of
[15], where similar properties are considered.

Next, we show the non-ambiguity in the definition of the fumetU <?') in G.21). Let (b(=D), s(e1)
and (b(©?), 5(=2)) be two choices of(b(®), s(9)), and p(>)) and p(©?) the corresponding radial scale
functions. Fix a ray with angle. If U; < c, there is no ambiguity in(b(®), s(9)) | and therefore in
U©r) on this ray. IfU; = ¢, then Ue(c’p(c)) = U} on [0, gy], and it follows that

c,pl® . . c
Uy ) = inf {(r) : () 2 Us(), ¢+ lon, 1] = Ris pf) ~concavd, € [0p,1].  (5:22)

But when restricted tdog, 1], we have (b1 (-, 6), sV (-, 0)) = (b(=?)(-,0),s(2)(-,0)) , and therefore
the functionsp{™"(-), p\®(-) are affine transformations of each other. Hence, the twocebqi©) —

p@ and pl©) = p(©?) in (5.22) lead to the same result. The cdge > c is dealt with similarly.
Finally, we address (iv). It is easy to see that Propositighcarries over to the present context essen-
tially unchanged, except for the assertion that the mapping foz’r D+Uec’p(6))(0) v(df) is continuous

and strictly decreasing. For this assertion it is enoughhtawsthat the mapping: — D+U9(c’p(c))(0) is
continuous and strictly decreasing, given ahy [0,27). We now observe that we have the freedom to
choose

(b(Ug)(v 0)7 S(Ug)('v 0)) = (bO('7 9)7 30('7 9)) )
so that (b(°)(-,6), s\ (-,0)) is the same for alk € [U}, c0) . Then the proof of Propositidn 5.7 (iv) yields
that the mapping: — D+U9(c’p(c))(0) is continuous and strictly decreasing @i, co) . The argument is
similar for ¢ € [U(0), Uy ] . O

We can state now and prove the following fundamental resedfarding the optimal control problem
with discretionary stopping for YW.sH semimartingales of the present section. We regard the tfzat,
such a problem can be shown to admit a very explicit solutisrtestament to the power of the stochastic
calculus developed in the present paper.
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Theorem 5.16. With the previous assumptions and notation, the value iumc?” of the control problem
with discretionary stopping in(5.4), is given by

V(g) = U (@), c= inf{c> U(0 / D+U(‘””“ (0)v(do) < 0}, (5.23)

and therefore satisfie¥ (0) = c. .
The supremum if(5.4) is attained by ¥vaLsH diffusion X*(-) associated with the tripl¢b(©+), (=) 1) ,
and the corresponding stopping time

Toi=inf {t > 0: U(X*(t)) = V(X*(¢t))}. (5.24)
Remark5.17. On Interpretation:In conjunction with Definitio 5,711 this result states tHadfore entering
the stopping regiofz € B : U(x) = V(x)}, itis optimal to control the state proces§(-) thus:
(i) Along any ray of angled with U; > V(0) : maximize the “signal-to-noise” ratig /o> on the

interval (0, \g) ; minimize the “signal-to-noise” ratig3/0? on the interval (pg, 1) ; and follow on the
interval [\g, gg] any strategy that will bring the process(-) to one of its endpoints.

(i) Along any ray of angled with U; = V(0) : minimize the “signal-to-noise” ratio3/a? on the
interval (gy, 1), and follow on the interval(0, pg] any strategy that will bring the process$(-) to one of
its endpoints.

(i) Along any ray of angled with U; < V(0) : minimize the “signal-to-noise” ratig®/o> .
Since the functionl/ is obtained vial(5.23), the above strategy can indeed becimghted.

Proof. We first show thatU(C*’P(c*))(x) > V(z). Let us fix a starting point: € B, pick up an arbitrary
processX(-) € A(z), a stopping timer € Jx , and recall the dynamics df (5.2). We claim that we have

U(c*,p“*))(x) > E[U(C*’p(c*))(X(T))} ) (5.25)

This impliest (7)) (z) > E[U (X (r))] forall X(-) € A(z), T € Jx, thus alsoU “»“) () > V(z)
e Now we establish the claini_(5.25). Assume first that > U(0). Proposition 5.15 (iv) gives then

*))( 0)v(df) = 0 and U»)) € €. In the same manner as in the derivation[of (5.16),
Qm) and recalling the stopping timés, S,, given there, we obtain here

27r D+U(C*’p(

‘NSn

U (X (AS)) = U () + /0 Loy DUSE ™ (IX0)]) [8() dt+o(t) dW (1)

o, p(e%)
+ Z / l{X (t)#£0, O(t) 9}/ L” I dt ’I")DzU( P )(dT)

0e[0,27)

(ce p(@) ‘ASn (ce,ple) be(X()
< U )+ [ 100y D UG (XN [ s o0 de + o)W ()

(sl )(X(t))
+ > /

Lix (10, 0(1) 9}/ LIXlae, vy D2ug?(dr)
9602

‘AS,
Cp(CH) " Cx, (*)
= U @)+ [ g DU IX @) o) aw

- / 1(x (040, 60—} / LIXIat, r) ()Y () d(D- T pp(r)) . (5.26)

0€[0,2)
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where (79(0*”)(6*)) : [0,pg(1-)] — R is concave, and such thalg(c*’p(c*))(-) = ﬁéc*’p<c*))(pe(-)) :
We have used Definitidn 5.111 and Proposifion 5.15 (i)-(oi) the above inequality; namely, we observe

- (cs)
D~ Uéc&,m ) "x®) > ()0 = % > (<) 052((,52)‘

The claim for the case. > U(0) now follows readily from[(5.26), by localization.

Next, we consider the case = U(0). Then we have/;" D+U(C’p( D (0)v(df) < 0 and U ¢
¢p, forany c > ¢, . Thus, similarly as above, we see that

UCer(zy > E[U D (X(7))] .

On the strength of the following paragraph, we maydetc, and obtain the claim in this case.

Fix 6 € [0,27). By making (b(°)(-,8), s\ (-,0)) the same for alc > U (cf. the proof of Proposition

[5.15 (iv)), we note that there exists a) > 0 such thatp(c)(~) is the same for € [c,, i + £(0)] . Thus
UEr (. ) <UEP“) (. 0)+c—c, for c€ ey, ce +2(0)].
e On the other hand(/¢=?"“”)(z) < V(z) follows from the fact that, by Theoren 5.8](»"“) s the
value function of the optimal stopping problem for the saeweard functionU and the VALSH diffusion
X*(-) associated with the triplgb(c=), s(¢) 1),

We conclude that/ (") () = V(x) ; the other claims of the theorem follow then directly. [

5.4 The Underlying Dynamic Programming Equations

Combining the features of control and stopping (e.g. Thesrg.6 and 4.5 i [21]), we may write informally
the following HAMILTON -JACOBI-BELLMAN -type variational inequalities for the value functign, §) —
V(r,0) = Vy(r), namely

min{ — sup {BDVyp(r) + 102 D*Wy(r)}, V(z) - U(ac)} =0, z=(r0)eB, (5.27)
(B.0)eK(a) 2

and
27

min{ — [ D*V,(0)v(d8), V(0)— U(O)} = 0. (5.28)
0

The importance — and advantage — of the purely probabilegisroach we have developed, is that it
obviates the need to give rigorous meaning to the above ffiglhfinear variational inequality; it constructs,
rather, the value function and the optimal control and stupptrategies of the problefrom first principles
and using educated guesses, in conjunction with the refioetastic calculus developed in this paper.

6 Appendix: Proofs of Selected Results

PROOF OF PROPOSITION[38: Let E; := {fo 1{X (u)#0} 8 ?(X(u))du = oo} . Following the idea
of the solutions to Problem 3.4.11 and Problem 5.5.3in [#4,havelim, . || X (¢t A S,)|| = 0 and
limy, 00| X (# A Sy)|| = 00, a.e. onE;. ThusP(E;) = 0 by the continuity of X (-) in the tree-topology.

Therefore,foms 1 x(1)20y $°(X(u))du < oo holds a.e., and we obtain the existencéih of the limit
lim,, ., X (t A S,) inthe tree-topology, in the same spirit as in the seconldgbparagraph in the proof of
Propositior 3.4. ThusY (¢t A S) is valued inR? | a.e., for everyt > 0, and consequentlyy = cc a.e. [
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PROOF OF THEOREM B.7I Omitting from the notation the underlying probability spaave begin
with a standard one-dimensional Brownian moti{)ﬁ(s),QN(s);O < s < oo} and an independent two-
dimensional random variablé with distribution p. Let {Z(:),G(-)} be a WALSH Brownian motion
starting atZ(0) = ¢ and driven by the Brownian motio(-) = ||¢|| + B(-), with angular measure .
This WALSH Brownian motion can be constructed as in the proof of Thedelrin [12] (even though in
that proof the process starts at a nonrandom point, the sati@thapplies to a random initial condition).
Let

5+ 1 du
. {Z(w)#0} s )
T(s).—/o 732(2(11)) , 0<s< o0, A(t).-1nf{sEO.T(s)>t}, 0<t<oo.

Lemma 6.1. We haveT' (c0) = o0, a.s.

Proof of Lemma_6]1Consider the stopping time§r; }ren_, as in [2.6), with X replaced byZ . Since
Z(-) is time-homogeneous strongly-Markovian (as aldH Brownian motion) andZ(75,,) = 0, Vm €
Np , we deduce that the random variables

~ Tom+2 1{Z(u);ﬁ0} du
T = / o i) e\
i 82(Z(w)
are 1.1.D and strictly positive. Therefore, we ha¥&occ) > > . T = 0, a.e. O

We also note thaf’(-) is strictly increasing when it is finite, becaug®-) spends zero amount of time
at the origin0. Now it is easy to see that the analogue of relationship0J§3.14) at the beginning of
Section 5.5.Ain[[14], as well as the discussions betweemladl hold here as well. Define

R:=inf{s>0: Z(s) € Z(s)}. (6.1)
Lemma 6.2. We haveR = A(c0), a.s.

Proof of Lemma 612The proof of R < A(co) follows as in the proof of Lemma 5.5.2 in [14], with the
help of Conditiori 3.6, Lemnia 2,110, and the tree-metric.
As for the reverse inequalityl(co) < R, it suffices to prove it on the evedtk < n} foreveryn € N.

We define the standard Brownian motid#,(-) := B((R A n) + -) — B(R A n), and the stopping time
7:={s>0:B,(s) < —n}. Thenonthe even{ R < n}, we have for any0 < s < 7 the comparison

/ B Yzmpoy du / s Lzypoy du / ° du .
0 s*(Z(w)) ~ Jr s%(Z(u)) o s2(IZ(R)|| + Bn(u),arg(Z(R)))

The last equality comes here from the fa€{-) # 0 holds on the intervalR, R + 7), which is because
Z(R) € Z(s) C{(r,0) : 7 >mn, 0 <0 < 2r}. It follows from Lemma 3.6.26 in [14] that the last integral
above is infinite, thus'(R) = oo holds on{R < n}, and therefored(cc) < R holdson{R <n}. O

e Now we adapt the proof of Theorem 5.5.4 in|[14]; i.e., we skhbw that, under the Conditidn 3.6, a
WAaLsH Diffusion with state-spacé associated with the tripl€0, s, v) exists, ifand only if Z(s) C Z(s).
(i) Let us first assumé& (s) C Z(s) and define

X(t) = Z(A(t)),  U(t):=B(A®t), F(t):=G(At)), 0<t<oco. (6.2

It follows that X (7'(u)) = Z(u) for u < A(co). Thus, for everyt € [0,00) we have
t A(t) A(t)
/0 1(x(w)=0y dv = /o L(x(T(u)=0} AT (u) = /0 1{z()=0y dT(u) = 0, (6.3)
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verifying the first part of[(3.3). Moreover, with (6.3) and thle previous preparations, we can proceed as in
the proof of Theorem 5.5.4 in [14], and obtain that the predéé) — ||£|| is a scalar local martingale with
(U)(-) = A(-), as well as the representation

t
At) = / Lix ()20} 87 (X () dv, 0<t<oo. (6.4)
0

Then there exists a Brownian motidiv'(-) on a possibly extended probability space, with the property
U(t) = lI€]l + o Lix()zoy (X (0))dW (v), 0<t <00,

Let us note that|Z(-)|| is the SKOROKHOD reflection of B(-) ; thus the same relationship is true for
IX ()] andU(-) by (6.2), and sd_(3I1) gives

HX@H=mw+Adﬂxw>quu»mww+L“w» (6.5)

Finally, the latter part of (313) and the continuity in thegftopology forX (-) are both inherited fron¥ (),
as the proof of Propositidn 3.4 illustrates. We have thugigedrthat the just constructed’(-) is a WALSH
diffusion as described in the Theorem.

(i) Conversely, let us assume the existence of the8¥ diffusion X () described in Theorein 3.7, with
any given initial condition. Consider such aaVW&H diffusion X (-) with X(0) = = € Z(s)¢ and the
underlying Brownian motioriV (-) . We introduce the scalar local martingale

U() = [XCO = L) = 1 x0) + /0 Lijix (o) >0y $(X(£))dW (2). (6.6)

Then || X(-)|| is the KoROKHOD reflection of U(-), and thereforeX(-) is a WALSH semimartingale
driven byU (). By Propositiori 3.4, there exists aAMsH Brownian motion Z(-) on a possibly extended
probability space, such thaX(-) = Z((U)(-)). We can follow the proof of Theorem 5.5.4 in [14] with
T(s):=inf{t > 0: (U)(t) > s}, first to derive that

sA{U)(o0) 1 du T(s) 1 d<U>(U) T(s)
{Z(u)#0} {X (v)£0}
82(Z(uw)) = 1 dv <T
/0 s*(Z(u)) /0 s2(X (v)) /0 (X0, s(x)zopdv < T(s)

holds for all0 < s < oo, then to argueP(T'(s) < oo, (U)(c0) > 0) > 0 for sufficiently smalls > 0,
and finally to show thatr € Z(s) cannot hold. It follows thatZ(s) C Z(s).

o Next, we assume the validity of Conditibn B.6 af(ls) C Z(s), and show that uniqueness in distribution
is then equivalent to the conditiahi(s) 2 Z(s).

(i) First, we suppose that the inclusidh(s) 2> Z(s) does not hold. By picking a starting point
Z(s)\Z(s), we see that uniqueness in distribution is violated for thre 8% diffusion described in Theorem
[3.7 and starting at:, in the spirit of Remark 5.5.6 in[14].

(i) Conversely, let us assume in addition thafs) O Z(s) holds. Let X(-) be a WALSH diffusion
described in Theorefn 3.7 and with an arbitrarily given aitistribution .. With U(-) as in [6.6), we can
adapt the proof of Theorem 5.5.7 in [14] in a manner similaxtbat we did before, and obtain the existence
of a WALSH Brownian motionZ(-) such thatX (-) = Z((U)(-)) and

s+ 1 du
. {Z(w)#0}
U)(t) = infqs>0: — = >t 0<t . 6.7
W)(t) = inf {s > A Suat o) 0st<x 6.7)
It develops that the proces& (-) can be expressed as a measurable functional of thiesy Brownian
motion Z(-) , with initial distribution ¢ and angular measure. Since thisZ(-) has a uniquely determined
probability distribution, thanks to Proposition 7.2 in J[Xagain, this can be generalized from a nonrandom
starting point to a random initial condition), we deduce th&ueness ofX (-) in distribution. O
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ON THE PROOF OF THEOREM 4.9] We need some preparation before proving Thedrem 4.9. By
analogy with Section 5.5.C in [14], we define a sequefieg}>2 , of functions onI via up = 1 and

r y
up (1, 0) := /0 pg(y)/o Un—1(z,0)myg (dz), (r,d)elI, neN, (6.8)

recursively. Note that,; = v. We have the following analogue of Lemma 5.5.26.in [14].
Lemma 6.3. Under Conditior 3.10, the series

u(r,0) = Z U (1, 80), (r,0) el (6.9)

n=0
converges on/ and defines a function in the clasd;. Furthermore, for everyd € [0, 27), the mapping
r— ug(r) == u(r,0) is strictly increasing on0, £(¢)) , and satisfiesuy(0) = 1, uy(0+) =0, as well as

b(r, 0)up(r) + %sz(r,ﬂ)ug(r) = up(r), a.e.re (0,000)). (6.10)

Moreover, we havel + v(z) < u(z) < '@, Vo e .

Proof. Apart from (iii) of Definition[3.9 for the claim that: € ©;, Lemmd®&.B can be proved in the same
way as in the proof of Lemma 5.5.26 in]14]. And (iii) of Defioib[3.9 for » can be seen through Condition
310, (6.1D), the facty(r) < "), as well as the faci/y(r) < vj(r) - e derived from the proof of
Lemma 5.5.26 in[[14]. O

Proof of Theoreri 4]9Thanks to LemmBa 613, we can apply Theofem2.13 tand obtain that the process
{e Sy (X (t A Sy)); 0 < t < oo} is a local martingale for everyy € N. But this process is also
nonnegative, thus a supermartingale. Then we may let oo to obtain that{e *"Su(X (tAS)); 0 < t <
oo} is a nonnegative supermartingale, thus

ltlTrg e tu(X(t)) exists and is finite, P° — a.e. (6.11)

Proof of(i). By (3.5), lims X (¢) exists in{(r,8) : r = £(6), 0 < 6 < 27}, P°—a.e. on{S < oo}. Since
v({0 : ve(L(0)—) < oo}) = 0, Propositioi 411 implies thaims v(X (t)) = co, P°—a.e. on{S < oo}.
Thus lims u(X (t)) = oo, P9—a.e. on{S < oo}, by LemmdE.B. It follows thatims e tu(X (t)) =
oo holds P°—a.e. on{S < oco}. Comparing this with[{(6.11), we dedud® (S < co) = 0.

Proof of (ii). With

AP = {0 : pp(L(0)—) < oo} and  A”:={0: vp(£()—) < o0},
we have AV C AP by Propositio 4.13(iii) andv(A") > 0 by assumption, thus/(AP) > 0. By Theorem
4.3, the limitlim;g X (¢) existsP?—a.e. in{(r,0) : r =4(0), 0 <6 < 2r},andP°(O(S) € 4P) =1.
We also have the assumptiar(A? \ A¥) =0, thusP?(©(S) € A? \ A”) =0 and thereforeP? (©(S5) €
AY) = 1. For everyn € N, let us define

0y (0) == sup{r: 0 <r <£0), vo(r) <n}, I :={(r0):0<r<£ (), 0<60<2r}, (6.12)
Sp=1inf{t >0: | X(t)]| > £.(O)} = inf{t >0: X(t) ¢ I}. (6.13)

By Propositior. 44, we hav&?[SY] < oo, thusP?(SY < 00) =1, Vn € N.

Therefore, there is an eveit* € F with P°(Q*) = 1, such that for everys € Q*, we have that:
limyyg() X (t,w) existsin{(r,0) : r = £(0), 0 < 0 < 27}, that ©(5(w),w) € A”; and thatS; (w) <
oo for every n € N. We fix now anw € Q*. Since ©(S(w),w) € AY, the limit limg(,,) v(X (¢, w))
exists and is finite. Thus we can choosgv) € N, such thatn(w) > sup,cp () (X (t,w)) .
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Claim 6.4. We haveS] (w) = S(w), thus S(w) < co.

Proof. Since S} ) (w) < oo, we haveX (5] (w), w) € {(r,0) : r = £ ,(0), 0 <0 < 27r}. With
AY = {0 : vg(£(#)—) < n} foreveryn € N, we claim that@(S;’L(w)(w), w) € Al -

Indeed, whenevef ¢ Ay Ve havewvg(£(0)—) > n(w) and thereforevg(eg(w) 0)) = n(w).
v(X(S;’L(w) (w), w)) < suPse(o, 5(w)) V(X (t,w)) < n(w), so we must hav@(Sn(w)(w), w) € ALy

We also observe that, whenevere Ay e havevy (¢(6)—) < n(w) and thereforeﬁ“ ( ) =4¢(0).
Thus the fact@(S];(w)(w), w) € Ay, implies that X (S ) (w), w) € {(r,0) : r = 6(0) 0<6<
27} . We have thensy ) (w) = S(w), and S(w) < oo follows. O

Since ClainL6.4 holds for every € Q*, the proof of(ii) is complete.

Proof of(iii) . Sincev ({6 : vg(¢(#)—) < oo}) > 0, we can choose an integé&f € N, such that4d}, = {6 :
vp(£(9)—) < N} satisfiesv(AY;) > 0. Recalling [6.1R) and (6.13), we have by Proposifion 4)3(iiat
po(€%(0)) < oo forall § € [0,27). Then an application of Theordm 4.5 yieli#8 (0 (S%) € A%) >

We have alsaS, = S, P%-a.e. on{O(S%;) € A%}, in light of the last paragraph of the proof ofCIalm
B.4. ThusP?(S% = S) > 0. But P?(S% < o0) =1, 50P?(S < 00) > 0 follows.

It remains only to show thaP? (.S < co0) < 1 holds under the assumptions(@f) . We have
V(AP \ A”) = v ({6 : vg(£()—) = oo, pg(£()—) < 0o}) >0

by assumption. Another application of Theoreml 4.5 yieldst fhm;+s X () exists P°—a.e. in the set
{(r,0) : m=1(8), 0 <6 < 2}, and thatP®(O(S) € AP\ A¥) > 0. But sincelimg v(X(t)) = oo
and thereforelimys u(X (t)) = oo on {O(S) € AP\ A"}, we may recall[(6.11) to obtairt = oo,
PO—a.e. on{O(S) € AP\ Av}. Itfollows that P?(S = o) > 0, thusP?(S < o0) < 1. O

PROOF OF THEOREM B.3I Step 1. In this first step we extend Propositibn 2.9 and Lenimal2.11 to
functions in the clas¥ . Except for Lemma 2.11(ii), it is straightforward to statedgrove the extension.
For the extension of Lemnia 2]11 (ii), we shall show that wkiene € €, the process

> / 1ix (140, Ot 9}/ LIXI(ae, 7y D2gg(dr), 0<T < oo (6.14)
0€[0,2m)

is well-defined, adapted, continuous and of finite variatboncompact intervals. Following the idea and
notation in the proof of Lemnia 2.1L0 and using (iii) of Defiait[5.2, we derive

3 / 1oxio 0. 000 9}/ LI, r) | D?gy(dr)|

0e[0,2m

< > / L{o<|x (9l|<n. ©(1)= 6}/ Llat,r p(dry+ ) / LIXNT,7) | D?ge ) (dr)]-

96[0 2m) {7, <T}

The second term in the above expression represents a cmumirprocess of finite variation on compact
intervals; indeed, the proceg% LIXI (- r) | D%gy(dr)| has these properties for every fixéde [0,27),
and the se{/ : 7)., < T} is almost surely finite. On the other hand, the first term cawiiigen as

T 00 n
/0 L{o<|x ()l|<n} /0 LIXlat, ) p(dr) = /0 XN, vy p(dr)

via interchanging first the summation and the integratiblentthe two integrals; this is justified by the
finiteness of the last expression above. It is now easy tosedite process given by (6114) is well-defined,
continuous and of finite variation on compact intervals.
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For adaptedness, it is standard to show, by tb&BL-measurability ofg and the joint measurability of
(t,r,w) — LIXI(t, 7 w), that for anyT € [0,00) the mapping

(t,0,w) »—>/ L”X”(t,r,w)D2gg(dr)
0

is B([0,00)) ® B([0,27)) @ F(T)—measurable when restricted o, co) x [0, 7] x Q. Let (sg.7, tr.1)
k € N be an enumeration of all excursion intervals of the pgf(¢)||, 0 < ¢ < T away from 0, such
that si, 7, tr, 7, k € N are all 7(T')—measurable. Le©(t) = 0, r forall t € (si 7, tx, ), and thuséy, r

is also F(T')—measurable. Since(6]14) may be rewritten as

Z/ (LHXH(tk,T,T,w) — L”X”(skj,r,w)) nggkyT(dT), 0<T < o0,
k=170

it is thus adapted to the filtratioR . Step 1 is now complete.

Step 2. With Proposition[ 2.9 and Lemmnia 2]11 having been extendedcamefollow exactly the same
arguments as in the proof of Theorém 2.13 to pravel (5.5) (ve ti@t Theorem 3.7.1 (v) in_[14] should
be used here for the generalizetbis rule). Finally, we note that any functiorf as in Lemmad 2.10 is
the second derivative (in the sense of Definifion 2.8) of sfumetion in ©, hence also in¢. Thus, both
Theoreni 2.13 and the just obtainéd (5.5) apply; compariagehults, we obtairh _(5.6). O

PROOF OF PROPOSITION B.7: (i). Step 1. We shall show in this step that for evety € [0, 27),
Uéc)(-) is continuous on[0, 1] with Uéc)(o) = ¢ and UG(C)(l) = Up(1). It is easy to show thatUéC)(-)
itself is also pg—concave and therefore continuous @h 1) with finite limits at the two endpoints, such
that lim,.o U\ (r) > U{?(0) > ¢. Thus to finish this step, it suffices to shadim, o US” (r) < ¢ (the
situation atl can be treated in the same way, thanks to condifion (5.7)).

We need only construct, for every > ¢, a continuous anghy—concave functiony on [0, 1] with
©(-) > Up(-) and (0) = . Let M :=sup, 5 |U(z)] < oco. If ¢/ > M,wetakep =c'. If ¢ < M,
by the continuity ofUy(-) , we chooser’ > 0 such thatUy(-) < ¢ on [0, '], and take

po(r)

by TEDA A el

o(r)=c + (M — c/)

Step 2.By Step 1, the only remaining issue in proving (i), is the @ity in the tree-topology at the origin.
By py—concavity we have

Ul ) > Ul () p];ﬁr_)) +c(1 - pz?f”_))) > c— (c+ M) pfif"_)), re (0,1). (6.15)

Since p is continuous in the tree-topology ang(1—) is bounded away from zero, we see that

lim  inf U(C)(f) >c.
rl0 7<r,0€[0,2)

On the other hand, givea > 0, since U is continuous in the tree-topology, we can choése 0, such
that U(r,0) < U(0) +¢ forall » < 2§ and § € [0,27). Fixing » < § and 6 € [0, 2x), we distinguish
two cases:

Case 1.U (r) = U(r,0) .
Then Ue(c)(r) <U0)+e<c+e.

34



Case 2. The point belongs to some connected component ) of the set{p € (0,1) : UG(C) (p) >
U(p,0)} . By (ii) of this proposition (whose proof will not use the domity of U(© atthe origin under the

tree-topology),Ue(C) is a linear function ofpy on [ry,r9] .

If 7o <20, then Ue(c)(r,-) = Upy(r;) < c+e fori=1,2, and it follows thatUe(C)(r) <c+e. Ifon
the other hand, > 24, then the slope of the just mentioned linear function doegmed% ,
becauser; < r < §. Therefore,

max(M,c) + M max(M,c) + M
Po(20) — po(9) Po(20) — po(9)

By Condition[3.10, the mapping — py(26) — py(d) is bounded away from zero whexd < n. Thus

we obtainlim, | Sups<,. ge(0,2r) Ue(c) (7) < ¢ + ¢ from the above two cases. It is now clear that®) is
continuous at the origin in the tree-topology.

U (r) < U (1) + (po(r) — polr1)) < c+e+ pa(r).

(i). Without loss of generality, we may assumg(r) = r. By way of contradiction, we assume that
there exist som& € [0,27) and (ry,72) C [0,1], such thatUe(C)(r) > Upy(r) holds for r € (ri,73),
yet r — Uéc) (r) is notlinear on [r1,r2]. We shall then construct a concave functipnon [0, 1] that
dominateslU, and satisfiesp(0) = ¢ — yet does not dominatéféc) , thus contradictind (5.10).

Since Ue(c)(-) is concave and not linear ofry, o], we haveD‘U(,(C) (ry) < D+U9(C) (r1). Choose
[r3, 7] C (r1,72) With D=US (ry) < DTU (r3), and we have

min (U (r) = Uy(r)) > 0.

rée(rs,ra]

Thus by dividing [r3, 4] into small enough subintervals, we can fifd, rg] C [r3,74], such that

D U (rg) < DTU(r5)  and max Up(r) < min U (r). (6.16)
rée(rs,re] ré€(rs,re]
Let ¢ : [0,1] — R be a linear function orjrs, ] which equaIsUe(C) on [0,1] \ (r5,76). Theny is
concave and satisfieg(0) = UG(C) (0) = c; also, the two inequalities of (6.116) imply(r) < Uéc) (r) for
r € (r5,r6),and ¢(-) > Uy(-) , respectively. Thusp is our desired function that leads to the contradiction.

(iii). Property (i) in DefinitiorL 5.2 is obvious fob/(¢) . For the BoREL-measurability, we may write (in the
spirit of the proposition in Section 3 af [15])

US)(r) = inf {a,(0)po(r) + bu(6), n € N}, (6.17)

where {a, }nen, {bn}lnen are two sequences of measurable functions[@r2«), such that for every
0 € [0,27), the set{(a,(0),b,(0)), n € N} is the collection of all rational pair¢a, b) with b > ¢, and
for which apy(-) + b dominatesUy(-). This is due to the continuity in and the measurability of both
(r,0) — po(r) and (r,0) — Uy(r) . The representation (6.117) yields theBeL-measurability ofU(©) ,
Now let us assume > U(0). Since both functiond/(©) and U are continuous in the tree-topology,
we can find annp > 0, such thatUg(c)(-) > Up(-) on [0,n), for all § € [0,27). Hence, we may write

Ue(c)(r) = agpe(r) + ¢ for r € [0,7], and thus

c) (c)
U — U — —
QGZM but —C+M < 20 () Cgmax<0,M C).

po(n) po(n) —  pe(n) po(n)
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As the functiond — py(n) is bounded away from zero, we see tifat> ay is bounded. Thus property (ii)
in Definition[5.2 holds forU(¢) . Property (iii) also follows, using in addition thate ¢ .

(iv). The inequality[(6.155) shows that the functién— D+1U{”(0) is bounded from below, so the function
® is well-defined by[(5.111) and takes valuesi J{co} . In fact, from the just proved property (iii), we
see that® takes the valuexo only possibly atU(0) .

For the other two claimed properties fdr, it suffices to show that the mapping+— D+U(§C)(O) is
continuous and strictly decreasing for evehe [0,27). Fix 6 € [0,27) and considefca > ¢; > U(0).
With

rog := inf {r €[0,1] : Ue(cz)(r) =Uy(r)} >0,

the function Ue(CQ)(') is a linear transformation ofy(-) on [0, 72 4] , and Uecz)(rw) = Uy(re,9) . Hence

DU (0) = Uo(rap) — 2 and DU (0)
Po(r2,0)

- Ué‘”’(rz,e) —c1 _ Up(rap) — c2
- Po(T2,0) Po(r2,0)

thanks topy—concavity; we have also used the fagi0+) = 1. We have thus obtained the strict decrease
of the mappingc — D+U9(C) (0). Therefore, we may lets | ¢; thenr | 0 in the observation

UG(CQ)(T) —c Ue(cl)(r) —

D+U9(C2)(O) > pe('r) N pg(T‘)

9

and obtain the right-continuity of — D+ (0) .

To show the left-continuity, we assume now > ¢; > U(0) and setr;y := inf{r € [0,1] :
U(,(Cl)(r) = Up(r)} > 0. It follows that Ue(c)(') is a linear transformation opy(-) on [0,71¢] when-
everc > ¢; . Thus forr € (0,71 4], we have

U(CQ)(T) — U(C)(T) —c U(CQ)(T) —c
DU (0 =20 7 = and  DTUY0) = 22 < ¢ , cE€le,e.
o 0= =70 o O = ST len, 2]
Letting ¢ 1 ¢, we obtain the left-continuity of — D+U9(C) (0). O
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