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Abstract

Markets composed of stocks with capitalization processes represented by positive continuous semi-

martingales are studied under the condition that the market excess growth rate is bounded away from

zero. The following examples of these markets are given: i) a market with a singular covariance matrix

and instantaneous relative arbitrage; ii) a market with a singular covariance matrix and no arbitrage;

iii) a market with a nonsingular covariance matrix and no arbitrage; iv) a market with a nonsingular

covariance matrix and relative arbitrage over an arbitrary time horizon.

For n ∈ N and T ∈ (0,∞), consider a market composed of stocks with capitalization processes X1, . . . , Xn

represented by positive continuous semimartingales defined on [0, T ]. Karatzas and Ruf (2015) give an

example of such a market in which the capitalization processes are martingales, the market covariance

matrix is singular, and the excess growth rate γ∗µ of the market portfolio is bounded away from zero. The

condition that the capitalization processes are martingales is of interest because arbitrage is not possible in

a market with martingale capitalization processes (see, e.g., Karatzas and Shreve (1998)). The condition

that γ∗µ is bounded away from zero is of interest because this implies the existence of relative arbitrage over

long enough time horizons (see Fernholz and Karatzas (2005)).

Here we present five variations on the example of Karatzas and Ruf (2015). The first variation is an

example of a market with a singular covariance matrix and instantaneous relative arbitrage; the second is a

market with a singular covariance matrix and martingale capitalization processes; the third is a market with

a nonsingular covariance matrix and martingale capitalization processes; and the fourth is a market with a

nonsingular covariance matrix and relative arbitrage over an arbitrary time horizon. In these four examples,

the market capitalization process is a martingale; in the fifth example this condition is relaxed.

A market is strongly nondegenerate if the eigenvalues of its covariance matrix are bounded away from

zero. In all the examples we consider here the markets are diverse, i.e., the market weights are all bounded

away from one. In a diverse, strongly nondegenerate market, relative arbitrage exists over an arbitrary time

horizon (see Section 8 of Fernholz and Karatzas (2009)), so the capitalization processes cannot be martingales.

Hence, in our third example, nonsingularity of the market covariance matrix cannot be strengthened to strong

nondegeneracy, since arbitrage is not possible in a market with martingale capitalization processes.

Definition 1. For T > 0, a market defined on [0, T ] has relative arbitrage if there exist portfolios ν and η

with value processes Zν and Zη such that

P
[
Zν(T )/Zη(T ) ≥ Zν(0)/Zη(0)

]
= 1,

P
[
Zν(T )/Zη(T ) > Zν(0)/Zη(0)

]
> 0.

Definition 2. For T > 0, a market defined on [0, T ] has instantaneous relative arbitrage if there exist

portfolios ν and η with value processes Zν and Zη such that for any t1, t2 ∈ [0, T ] with t1 < t2,

P
[
Zν(t2)/Zη(t2) > Zν(t1)/Zη(t1)

]
= 1.
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Example 1.

Here we give an example of a market with γ∗µ bounded away from zero and a singular covariance matrix.

In this example the market weight processes are confined to a circle, and this generates instantaneous relative

arbitrage.

Let a ∈ (0, 1/3) be a real constant, and consider the time horizon [0, T ]. Let (W, θ) be a 2-dimensional

Brownian motion with the usual filtration F, and let (X1, X2, X3) be the market defined by

Xi(t) = eW (t)−t/2
(1

3
+ a cos

(
θ(t) + (i− 1)2π/3

))
, 0 ≤ t ≤ T,

for i = 1, 2, 3. The market capitalization process X is given by

X(t) = X1(t) +X2(t) +X3(t)

= eW (t)−t/2,

so the market weights are

µi(t) =
Xi(t)

X(t)
=

1

3
+ a cos

(
θ(t) + (i− 1)2π/3

)
, (1)

for i = 1, 2, 3. Hence, 0 < µi(t) < 2/3, for i = 1, 2, 3, and the market is diverse. Since for all x ∈ R,

3∑
i=1

sin2
(
x+ (i− 1)2π/3

)
=

3∑
i=1

cos2
(
x+ (i− 1)2π/3

)
=

3

2
. (2)

we have

µ2
1(t) + µ2

2(t) + µ2
3(t) =

1

3
+

3a2

2
<

1

2
, (3)

so the points (µ1(t), µ2(t), µ3(t)) ∈ R3 lie on the intersection of the plane

x1 + x2 + x3 = 1

with the sphere of radius
√

1/3 + 3a2/2 centered at the origin. This intersection is a circle of radius
√

3a2/2 <√
1/6 centered at (1/3, 1/3, 1/3), and this circle lies in the (open) simplex

∆3 ,
{
x ∈ R3 : x1 + x2 + x3 = 1, xi > 0

}
.

From (1) we see that for i = 1, 2, 3,

dµi(t) = −a sin
(
θ(t) + (i− 1)2π/3

)
dθ(t)− a

2
cos
(
θ(t) + (i− 1)2π/3

)
dt, a.s.,

so

d〈µi〉t = a2 sin2
(
θ(t) + (i− 1)2π/3

)
dt, a.s.,

and

τii(t) =
1

µ2
i (t)

d〈µi〉t
dt

=
a2 sin2

(
θ(t) + (i− 1)2π/3

)
µ2
i (t)

, a.s. (4)

Consider the portfolio generating function

S(x) =
(
x21 + x22 + x23

)1/2
.

This function generates the portfolio π with weights

πi(t) =
µ2
i (t)

µ2
1(t) + µ2

2(t) + µ2
3(t)

=
µ2
i (t)

1/3 + 3a2/2
(5)
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and with value function Zπ that satisfies

d log
(
Zπ(t)/Zµ(t)

)
= d log S(µ(t))− γ∗π(t) dt, a.s.,

where Zµ is the market value process (see Fernholz (2002), Example 3.1.9). Since (3) implies that S(µ(t)) is

constant, this reduces to

d log
(
Zπ(t)/Zµ(t)

)
= −γ∗π(t) dt, a.s. (6)

Since this has no stochastic component, the relative variance τππ(t) vanishes for all t ∈ [0, T ], so

γ∗π(t) =
1

2

( 3∑
i=1

πi(t)τii(t)− τππ(t)
)

=
1

2

3∑
i=1

πi(t)τii(t)

=
a2

2/3 + 3a2

3∑
i=1

sin2
(
θ(t) + (i− 1)2π/3

)
=

3a2

4/3 + 6a2
> 0, (7)

by (2), (4), and (5). From (6) and (7) it follows that in this market there is instantaneous relative arbitrage.

On the other hand, from (4) we have

µi(t)τii(t) =
a2 sin2

(
θ(t) + (i− 1)2π/3

)
µi(t)

>
3a2 sin2

(
θ(t) + (i− 1)2π/3

)
2

, a.s.,

for i = 1, 2, 3, since 0 < µi(t) < 2/3, so (2) implies that

γ∗µ(t) =
1

2

3∑
i=1

µi(t)τii(t) >
9a2

8
, a.s.,

for t ∈ [0, T ].

Of the two processes that drive this market, θ generates circular motion in the plane of ∆3 about the

point (1/3, 1/3, 1/3) ∈ R3, and W generates radial motion from the origin in the positive orthant. The

motion due to W does not lie in the plane of ∆3, so the rank of the market covariance matrix will be two.

In the next example, we shall show that the same conditions as in this example, i.e., γ∗µ bounded away

from zero and market covariance matrix of rank two, can result in a market with no arbitrage.

Example 2.

Here we give an example of a market with γ∗µ bounded away from zero, a singular covariance matrix,

and martingale capitalization processes. In this example the market weight processes are confined to an

expanding circle, similarly to Karatzas and Ruf (2015), in which the market weight processes are confined

to an expanding annulus. In this example there is no arbitrage, since arbitrage is not possible in a market

with martingale capitalization processes.

Let a ∈ (0, 1/3) be a real constant and consider the time horizon [0, T ] with T < −2 log(3a). Let (W, θ)

be a 2-dimensional Brownian motion with the usual filtration F, and let (X1, X2, X3) be the market defined

by

Xi(t) = eW (t)−t/2
(1

3
+ aet/2 cos

(
θ(t) + (i− 1)2π/3

))
, 0 ≤ t ≤ T,

3



for i = 1, 2, 3. In this case, eW (t)−t/2 and et/2 cos
(
θ(t) + (i− 1)2π/3

)
are independent F-martingales, so the

Xi are also F-martingales. As a result, arbitrage cannot exist in to this market.

The market capitalization process X is given by

X(t) = X1(t) +X2(t) +X3(t)

= eW (t)−t/2,

so the market weights are

µi(t) =
Xi(t)

X(t)
=

1

3
+ aet/2 cos

(
θ(t) + (i− 1)2π/3

)
,

for i = 1, 2, 3. In this case,

dµi(t) = −aet/2 sin
(
θ(t) + (i− 1)2π/3

)
dθ(t), a.s.,

so the µi are F-martingales.

As in Example 1, we have 0 < µi(t) ≤ 1/3 + aet/2 < 2/3, for i = 1, 2, 3, so the market is diverse. It

follows from (2) that

µ2
1(t) + µ2

2(t) + µ2
3(t) =

1

3
+

3a2et

2
<

1

2
, 0 ≤ t ≤ T,

so the points (µ1(t), µ2(t), µ3(t)) ∈ R3 lie on the intersection of the plane

x1 + x2 + x3 = 1

with the sphere of radius
√

1/3 + 3a2et/2 centered at the origin. This intersection is a circle of radius√
3a2et/2 <

√
1/6 centered at (1/3, 1/3, 1/3), and this circle lies in the simplex ∆3.

Similarly to (4), for i = 1, 2, 3, we have

τii(t) =
a2et sin2

(
θ(t) + (i− 1)2π/3

)
µ2
i (t)

, a.s., (8)

so

µi(t)τii(t) =
a2et sin2

(
θ(t) + (i− 1)2π/3

)
µi(t)

>
3a2et sin2

(
θ(t) + (i− 1)2π/3

)
2

, a.s.,

since 0 < µi(t) < 2/3. Hence, it follows from (2) that

γ∗µ(t) =
1

2

3∑
i=1

µi(t)τii(t) >
9a2et

8
≥ 9a2

8
, a.s.,

for t ∈ [0, T ].

Of the two martingales that drive this market, θ generates circular motion in the plane of ∆3 about

the point (1/3, 1/3, 1/3) ∈ R3, and W generates radial motion from the origin in the positive orthant. The

motion due to W does not lie in the plane of ∆3, so the rank of the market covariance matrix will be two.

In the next example, we shall perturb the current model radially in the plane of ∆3, and this will result

in a nonsingular market covariance matrix. This perturbation will not alter the martingale structure of the

capitalization processes, so the resulting market will still not permit arbitrage.
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Example 3.

Here we give an example of a market with γ∗µ bounded away from zero, a nonsingular covariance matrix,

and martingale capitalization processes. In this example the market weight processes are confined to an ex-

panding annulus, as in Karatzas and Ruf (2015), where the market covariance matrix was singular. Although

the market covariance matrix is nonsingular in this example, the market cannot be strongly nondegenerate,

since strong nondegeneracy in a diverse market implies the existence of relative arbitrage over an arbitrary

time horizon (see Section 8 of Fernholz and Karatzas (2009)), and arbitrage is not possible with martingale

capitalization processes.

Let a ∈ (0, 1/9) be a real constant and consider the time horizon [0, T ] with T < −2 log(9a). Let (W, θ,B)

be a 3-dimensional Brownian motion with the usual filtration F, and let (X1, X2, X3) be the market defined

by

Xi(t) = eW (t)−t/2
(1

3
+ ϕ(t)et/2 cos

(
θ(t) + (i− 1)2π/3

))
, 0 ≤ t ≤ T,

for i = 1, 2, 3, where ϕ is a continuous F-martingale driven by B such that a < ϕ(t) < 3a. We shall establish

the precise structure of the process ϕ below. Since eW (t)−t/2, et/2 cos
(
θ(t) + (i − 1)2π/3

)
, and ϕ are all

independent F-martingales, the Xi will also be F-martingales. As a result, arbitrage cannot exist in to this

market.

The market capitalization process X is given by

X(t) = X1(t) +X2(t) +X3(t)

= eW (t)−t/2,

and the market weights are

µi(t) =
Xi(t)

X(t)
=

1

3
+ ϕ(t)et/2 cos

(
θ(t) + (i− 1)2π/3

)
,

for i = 1, 2, 3. In this case,

dµi(t) = −ϕ(t)et/2 sin
(
θ(t) + (i− 1)2π/3

)
dθ(t) + et/2 cos

(
θ(t) + (i− 1)2π/3

)
dϕ(t), a.s.

so the µi are all F-martingales.

As in Examples 1 and 2, we have 0 < µi(t) < 1/3 + 3aet/2 < 2/3, a.s., for i = 1, 2, 3, so the market is a.s.

diverse. It follows from (2) that

µ2
1(t) + µ2

2(t) + µ2
3(t) =

1

3
+

3ϕ2(t)et

2
<

1

2
, a.s., 0 ≤ t ≤ T,

so the points (µ1(t), µ2(t), µ3(t)) ∈ R3 lie on the intersection of the plane

x1 + x2 + x3 = 1

with the sphere of radius
√

1/3 + 3ϕ2(t)et/2 centered at the origin. This intersection is a circle of radius√
3ϕ2(t)et/2 <

√
1/6 centered at (1/3, 1/3, 1/3), and this circle lies in the simplex ∆3.

Now, define the process ϕ by

ϕ(t) = 2a+ ψ(t), (9)

where

ψ(t) =

∫ t

0

(
a2 − ψ2(s)

)
dB(s), (10)

for t ∈ [0, T ], and B is the Brownian motion introduced above. In this case, ψ is a continuous F-martingale

and

P
[
− a < ψ(t) < a, t ∈ [0, T ]

]
= 1. (11)

5



The process ψ was suggested by Ioannis Karatzas. The structural details of this process can be verified in

Karatzas and Shreve (1991), Proposition 5.5.22(d) and Theorem 5.5.29. This process ψ is a linear diffusion

with state space (−a, a) and visits, with positive probability, any given neighborhood U ⊂ (−a, a) during

any time interval (0, δ], for δ > 0 (see Theorem 4.8 of Karatzas and Ruf (2016), and Bruggeman and Ruf

(2015)). It follows that ϕ is also a continuous F-martingale with a < ϕ(t) < 3a, a.s., and

d〈ϕ〉t = d〈ψ〉t =
(
a2 − ψ2(t)

)2
dt, a.s. (12)

Similarly to (4) and (8), we have for i = 1, 2, 3,

τii(t) =
ϕ2(t)et sin2

(
θ(t) + (i− 1)2π/3

)
+ et cos2

(
θ(t) + (i− 1)2π/3

)(
a2 − ψ2(t)

)2
µ2
i (t)

, a.s., (13)

so

µi(t)τii(t) =
ϕ2(t)et sin2

(
θ(t) + (i− 1)2π/3

)
+ et cos2

(
θ(t) + (i− 1)2π/3

)(
a2 − ψ2(t)

)2
µi(t)

>
3ϕ2(t)et sin2

(
θ(t) + (i− 1)2π/3

)
+ 3et cos2

(
θ(t) + (i− 1)2π/3

)(
a2 − ψ2(t)

)2
2

, a.s.,

since 0 < µi(t) < 2/3. Hence, from (2) we have

γ∗µ(t) =
1

2

3∑
i=1

µi(t)τii(t) >
9ϕ2(t)et + 9et

(
a2 − ψ2(t)

)2
8

>
9a2

8
, a.s.,

for t ∈ [0, T ].

Of the three martingales that drive this market, θ generates circular motion in the plane of ∆3 about

the point (1/3, 1/3, 1/3) ∈ R3, ϕ generates radial motion from the point (1/3, 1/3, 1/3) in the plane of ∆3,

and W generates radial motion from the origin in the positive orthant. It follows from (11) and (12) that

d〈ϕ〉t/dt > 0, a.s., so these three movements span R3, and the market covariance matrix will be nonsingular.

However, since
(
a2 − ψ2(t)

)
can be arbitrarily small, the market will not be strongly nondegenerate.

In the next example, we shall show that the same conditions as in this example, i.e., γ∗µ bounded away

from zero and nonsingular market covariance matrix, can result in a market with relative arbitrage over an

arbitrary time horizon.

Example 4.

Here we give an example of a market with γ∗µ bounded away from zero and a nonsingular covariance

matrix. In this example the market weight processes range throughout a stationary annulus, and this time

homogeneity generates relative arbitrage over an arbitrary time horizon.

Let a ∈ (0, 1/9) be a real constant and consider the time horizon [0, T ]. Let (W, θ,B) be a 3-dimensional

Brownian motion with the usual filtration F, and let (X1, X2, X3) be the market defined by

Xi(t) = eW (t)−t/2
(1

3
+ ϕ(t) cos

(
θ(t) + (i− 1)2π/3

))
, 0 ≤ t ≤ T,

for i = 1, 2, 3, where ϕ is the martingale defined in (9) and (10), with a < ϕ(t) < 3a, a.s.

The market capitalization process X is given by

X(t) = X1(t) +X2(t) +X3(t)

= eW (t)−t/2,

and the market weights are

µi(t) =
Xi(t)

X(t)
=

1

3
+ ϕ(t) cos

(
θ(t) + (i− 1)2π/3

)
, (14)

6



for i = 1, 2, 3. In this case,

dµi(t) = −ϕ(t) sin
(
θ(t) + (i− 1)2π/3

)
dθ(t)

+ cos
(
θ(t) + (i− 1)2π/3

)
dϕ(t)− ϕ(t)

2
sin
(
θ(t) + (i− 1)2π/3

)
dt, a.s.

As in Examples 1, 2, and 3, we have 0 < µi(t) < 1/3 + 3a < 2/3, a.s., for i = 1, 2, 3, so the market is a.s.

diverse. It follows from (2) that

µ2
1(t) + µ2

2(t) + µ2
3(t) =

1

3
+

3ϕ2(t)

2
, 0 ≤ t ≤ T,

so
1

3
+

3a2

2
< µ2

1(t) + µ2
2(t) + µ2

3(t) <
1

3
+

27a2

2
<

1

2
, a.s.,

so the points (µ1(t), µ2(t), µ3(t)) ∈ R3 lie on the plane

x1 + x2 + x3 = 1

between the spheres of radius
√

1/3 + 3a2/2 and
√

1/3 + 27a2/2 centered at the origin. This set is the open

annulus

A =
{

(x1, x2, x3) ∈ ∆3 : 3a2/2 < (x1 − 1/3)2 + (x2 − 1/3)2 + (x3 − 1/3)2 < 27a2/2
}
, (15)

which lies between the circles of radius
√

3a2/2 and 3
√

3a2/2 <
√

1/6 centered at (1/3, 1/3, 1/3), both of

which lie within the simplex ∆3.

Similarly to (13), we have for i = 1, 2, 3,

τii(t) =
ϕ2(t) sin2

(
θ(t) + (i− 1)2π/3

)
+ cos2

(
θ(t) + (i− 1)2π/3

)(
a2 − ψ2(t)

)2
µ2
i (t)

, a.s.,

so

µi(t)τii(t) =
ϕ2(t) sin2

(
θ(t) + (i− 1)2π/3

)
+ cos2

(
θ(t) + (i− 1)2π/3

)(
a2 − ψ2(t)

)2
µi(t)

>
3ϕ2(t) sin2

(
θ(t) + (i− 1)2π/3

)
+ 3 cos2

(
θ(t) + (i− 1)2π/3

)(
a2 − ψ2(t)

)2
2

, a.s.,

since 0 < µi(t) < 2/3. Hence, from (2) we have

γ∗µ(t) =
1

2

3∑
i=1

µi(t)τii(t) >
9ϕ2(t) + 9

(
a2 − ψ2(t)

)2
8

>
9a2

8
, a.s.,

for t ∈ [0, T ].

Of the three processes that drive this market, θ generates circular motion in the plane of ∆3 about

the point (1/3, 1/3, 1/3) ∈ R3, ϕ generates radial motion from the point (1/3, 1/3, 1/3) in the plane of ∆3,

and W generates radial motion from the origin in the positive orthant. It follows from (11) and (12) that

d〈ϕ〉t/dt > 0, a.s., so these three movements span R3, and the market covariance matrix will be nonsingular.

However, since
(
a2 − ψ2(t)

)
can be arbitrarily small, the market will not be strongly nondegenerate.

The structure of the market weights given by (14) results in a type of time homogeneity for t > 0, and

this produces relative arbitrage over the (arbitrary) time horizon [0, T ]. If A ⊂ ∆3 is the annulus defined

above in (15), then for any t ∈ (0, T ],

P
[
µ(t) ∈ A

]
= 1,

7



and for any open subset U ⊂ A,

P
[
µ(t) ∈ U

]
> 0

(see Theorem 4.8 of Karatzas and Ruf (2016), and Bruggeman and Ruf (2015)). Hence, for any portfolio

generating function S and for any t ∈ (0, T ],

ess inf
{
S(µ(t))

}
= inf

{
S(x) : x ∈ A

}
.

This implies that the essential infimum of S(µ(t)) is invariant over (0, T ], so it follows from Proposition 1 of

Fernholz (2015) that relative arbitrage exists in this market.

Example 5.

The behavior of the market in Examples 1 through 4 does not depend of the fact that the process

eW (t)−t/2 is a martingale, since the relevant structure is determined by the market weights alone. Indeed,

the market capitalization process eW (t)−t/2 could be replaced by any positive continuous semimartingale κ

that is independent of ϕ and θ, and the market weights µi will remain unchanged. Consider, for instance,

Example 3, where

Xi(t) = eW (t)−t/2
(1

3
+ ϕ(t)et/2 cos

(
θ(t) + (i− 1)2π/3

))
, 0 ≤ t ≤ T.

In this case, the market model would become

Xi(t) = κ(t)
(1

3
+ ϕ(t)et/2 cos

(
θ(t) + (i− 1)2π/3

))
, 0 ≤ t ≤ T,

for i = 1, 2, 3. Of course, the filtration F would have to be adjusted accordingly, but after that, all the analysis

would remain the same. In the simplest case, the process κ, which represents the total capitalization of the

market, could be set identically equal to one, and the capitalization processes Xi would be the same as the

market weight processes µi. This can be done in all four of the previous examples.
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