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SUMMARY

This paper presents a simple finite-difference method of an
acoustic-tilted orthorhombic wave equation for reverse time
migration. In this approach, I assume locally constant rota-
tion angles and expanded the wave equation in terms of both
mixed and nonmixed second derivatives. The assumption of a
zero vertical shear wave velocity introduces instability if con-
ventional finite-difference method is used. Because the insta-
bility is due to the presence of the quasi S-waves, a condi-
tional damping term is added to reduce the effects of this in-
stability. This method not only produces a stable solution but
also reduces unwanted S-wave noise generated by the source
injection and/or by the layer interface. To reduce the source
generated noise further, I apply an orthorhombic-elliptic aniso-
tropy condition. Numerical examples show that the proposed
method is effective. The method is applied on a Gulf of Mex-
ico field data orthorhombic RTM resulting in a better image
than with TTI RTM.

INTRODUCTION

Tsvankin (1997) transformed the nine independent elastic con-
stants for orthorhombic-anisotropic media into the same num-
ber of independent Thomsen-style (Thomsen, 1986) anisotropic
parameters. Under the acoustic assumption, the number of in-
dependent parameters is reduced to six. This reduction allows
much simpler seismic data processing and interpretation than
with the original elastic constants.

Zhang and Zhang (2011) derived a second-order wave equa-
tion for reverse time migration in arbitrary heterogeneous 3D
acoustic-orthorhombic media (ORT) with tilted-symmetry axis.
To stabilize the numerical method, they used self-adjoint dif-
ferential operators in rotated coordinates. The self-adjoint op-
erators contain tilted first-order derivatives which are computed
using a centered finite-difference scheme. However, the solu-
tion could suffer from high-frequency ringing artifacts unless
an extremely high-order finite-difference scheme is used.

I present a simple finite-difference implementation of an acous-
tic-tilted orthorhombic wave equation. However, the method is
unstable due to the triplicated quasi S-waves. Understanding
that the instability is due to the S-waves, I compute a stable so-
lution by separating P- and S-waves, and selectively attenuate
the S-waves so that its amplitude remains small. This method
not only gives a stable solution but also reduces unwanted S-
wave noise. To further remove the S-wave noise, I derive an
orthorhombic elliptic anisotropy condition. I compare the pro-
posed method with several existing methods. A field-data ex-
ample comparing TTI RTM and orthorhombic RTM is shown.

METHOD

Zhang and Zhang (2011) introduced an orthorhombic wave
equation given by

1
V 2

p

∂ 2σσσ

∂ t2 = NDT Dσσσ (1)

where σσσ = (σ1,σ2,σ3)
T is the principal stress vector, Vp is

the P-wave velocity in the vertical axis, N is the orthorhombic-
anisotropic maxtrix defined by

N=


1+2ε2 (1+2ε2)
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√
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√
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(2)

and D is the tilted first-order derivative,

D =

RT
1 ∇ 0 0

0 RT
2 ∇ 0

0 0 RT
3 ∇

 (3)

with Ri being the column vectors of the orthorhombic rotation
matrix, R

R =

cosφ −sinφ 0
sinφ cosφ 0

0 0 1

 cosθ 0 sinθ

0 1 0
−sinθ 0 cosθ


×

cosβ −sinβ 0
sinβ cosβ 0

0 0 1

 ,

(4)

where θ is the tilt angle, φ is the azimuthal angle, and β is the
angle between the x-axis and the crack normal.

To simplify the computation, I assume locally constant angles
and ignore their derivatives. Expanding the differential opera-
tor DT D in equation (1) gives

DT D =

d1 0 0
0 d2 0
0 0 d3

 (5)

where

d1 = r2
11∂xx + r2

21∂yy + r2
31∂zz +2r11r21∂xy +2r11r31∂xz +2r21r31∂yz

d2 = r2
12∂xx + r2

22∂yy + r2
32∂zz +2r12r22∂xy +2r12r32∂xz +2r22r32∂yz

d3 = r2
13∂xx + r2

23∂yy + r2
33∂zz +2r13r23∂xy +2r13r33∂xz +2r23r33∂yz.

(6)

with ri j being the elements of the rotation matrix R.

Equation (6) contains mixed and nonmixed second derivatives.
To evaluate the nonmixed derivative terms, I use 16th order
optimized second-derivative finite-difference scheme. The co-
efficients are derived following Holberg (1987) optimization
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Orthorhombic RTM

technique. By the way, the mixed terms are less important than
the nonmixed terms (Duveneck and Bakker, 2011). Therefore,
I use an 8th order centered finite-difference scheme. The finite-
difference coefficients were derived following Kindelan et al.
(1990)

As in the TTI wave modeling, the above method is unstable.
The instability is due to the quasi S-wave. The quasi S-wave is
just an auxiliary wave due to the anellipticity. Consequently,
its amplitude should be much smaller than that of P-wave un-
less the anellipticity is abnormally high. To limit the S-wave
amplitude, I introduce a conditional damping to equation (1)
as follow:

1
V 2

p

∂ 2

∂ t2

σ1
σ2
σ3

+
a

Vp

∂

∂ t

qx
qy
0

= NDT D

σ1
σ2
σ3

 , (7)

where qx = σ1 −σ3, qy = σ2 −σ3. Here a is a conditional
attenuation defined by

a =


α if

√
q2

x +q2
y/|σ3|> τ

0 if
√

q2
x +q2

y/|σ3| ≤ τ

where α is the damping constant and τ is the threshold which
can be determined from the maximum anellipticity of the earth
model.

Equation (7) gives stable solution by limiting the S-wave am-
plitude. However, reduction of S-wave is time dependent and
is effective for later times only. Consequently, the source-
generated S-wave noise at early times is not removed effec-
tively. To remove source-generated S-wave noise, I use con-
ventional wisdom, i.e., enforce the elliptic anisotropy around
the source point.

I now derive an elliptic anisotropy condition for orthorhombic
wave equation. Let us introduce three variables p, q and r
which are related to the three principal stress components as
follows:

σ1 = p+n31r

σ2 = q+n32r

σ3 = r.

(8)

Substituting the above equation into equation (1) and rewriting
with respect to the second time derivatives of p, q, r gives:

1
V 2

p

∂ 2

∂ t2

p
q
r

= GDT D

p+n31r
q+n32r

r

 , (9)

where the matrix G is given by

G =

 n11−n2
31 n12−n31n32 0

n21−n31n32 n22−n2
32 0

n31 n32 1

 . (10)

If we define,

ε1 = δ1

ε2 = δ2

δ3 = (δ1−δ2)/(1+2δ2).

(11)

the first two rows of matrix G become zero. This is the elliptic
anisotropy condition for orthorhombic media. The conditional
damping is an alternative approach to remove the S-wave noise
without altering the anisotropy model. The attenuation is time
dependent and is effective for later times. To remove early
time S-wave noise, the elliptic anisotropy method should also
be implemented.

EXAMPLES

Figure 1 shows wavefield snapshots using four different finite-
difference implementations. The model is a 6 km x 6 km x 6
km cube of constant velocity 2 km/s. The anisotropy parame-
ters are ε1 = 0.2, ε2 = 0.12, δ1 = δ2 = 0.06, and δ3 = 0. The
tilt angles are θ = 45◦, φ = β = 0. The source is a Ricker
wavelet of 15 Hz peak frequency. The grid spacing is 20 m.

Figure 1: Wavefield snapshot of a homogeneous orthorhom-
bic model using (a) direct finite-difference implementation of
equation (1), (b) self-adjoint first-derivative implementation by
centered finite-difference, (c) self-adjoint first-derivative im-
plementation by staggered finite-difference without wavefield
interpolation, (d) selective damping with equation (7).

Figure 1a shows a wavefield snapshot at time 1.0 s at a verti-
cal plane crossing through the model center. It was computed
using direct implementation of equations (1) to (6). The finite-
difference method uses optimized 16th order coefficients. Note
the large amplitude source-generated S-wave noise at the cen-
ter. The noise grows as propagation time increases and de-
stroys the solution.

As mentioned previously, Zhang and Zhang (2011) implement-
ed it using the self-adjoint operator in equation (3). They
evaluated the first derivatives using centered finite-difference
method. Figure 1b shows the wavefield snapshot at 0.4 s using
this method. The first derivatives are computed using 8th or-
der optimized centered finite-difference scheme. Note the high
velocity, high frequency elliptic artifacts due to an inaccurate
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Orthorhombic RTM

derivative to the difference approximation. To reduce the ar-
tifacts, Zhang et al. (2011) proposed to use a pseudospectral
method or an extremely high order finite-difference method.

The high-frequency artifacts can be avoided by using a stag-
gered finite-difference expansion of the first derivatives. How-
ever, the wavefield as well as the physical properties must be
interpolated at the center of the staggered location. Without
these interpolations, the solution is dispersive, especially at
high frequency. Figure 1c shows the wavefield snapshot at 1.0
s using the staggered finite-difference implementation of the
self-adjoint operator of equation (3). In this method, the wave-
field is not interpolated. Instead, the wavefield at the nearest
point is borrowed. This method gives a stable solution. How-
ever it is inaccurate. The P-wave wavefront at the high velocity
direction is dispersive. The dispersion can be noticed by com-
paring with Figure 1a.

Figure 1d shows a wavefield snapshot using selective damping
given in equation (7). It gives stable solution. Also the S-wave
noise is removed. Note that early time S-wave noise is not
removed effectively.

Figure 2 shows impulse response of an orthorhombic model.
The model is a homogeneous 10 km x 10 km x 5 km cube with
grid spacing of 20 m. The anisotropic parameters and tilt an-
gles are same as the model given in Zhang and Zhang (2011),
i.e., Vp = 2000 m/s, ε1 = 0.2, ε2 = 0.12, δ1 = δ2 = 0.06, δ3 =
0. The tilt angles are θ = 40◦, φ = 35◦, β = 25◦. The input
is a trace of three impulses at t = 2,3,4 s. The source wavelet
has a bandwidth of 1-2-15-20 Hz. The source and impulse
trace are located at the surface of the model center. I modi-
fied the anisotropy parameter so that the orthorhombic ellip-
tic anisotropy condition, given in equation (11), is satisfied up
to 0.5 times the peak wavelength from the source point, and
gradually tapered out up to another such distance. This com-
bined with the selective S-wave damping method effectively
removes source generated S-wave noise. I applied very mild
3D low-wavenumber filter to remove residual RTM noise.

Figure 2: RTM impulse response of a tilted-orthorhombic ho-
mogeneous model.

There is a notable difference between this and the impulse re-
sponse presented by Zhang and Zhang (2011), especially in
the shallow section. Figure 2 shows a nice migration smile
with correct tilt behavior from bottom to top with almost uni-
form amplitude. However, the published impulse response de-
cayed rapidly in the shallow section. I believe the current im-
provement is primarily due to removing the source-generated
S-wave noise successfully.

Figure 3 (next page) shows a Gulf of Mexico field data exam-
ple. The data is a composite of two orthogonal wide-azimuth
surveys as described in Baldock et al. (2011). The velocity and
anisotropy parameters are determined by a multi-azimuth TTI
tomography analysis as described in He et al. (2013). Figure 3a
is a section of TTI RTM image. Figure 3b is an orthorhombic
RTM image of the same area. The highlighted area shows im-
proved reflection in the orthorhombic image.

Figure 4 shows the RTM azimuth angle gather at the high-
lighted area. The left panel is the TTI RTM gather, and the
right panel is the orthorhombic RTM gather. Each panel has
six azimuth angle gathers from 0 to 150 degrees with a 30
degree increment. The left (TTI) panel shows orthorhombic
anisotropy by the different residual moveout between the gath-
ers. The residual moveout has been successfully flattened on
the right (orthorhombic) panel.

Figure 4: Azimuth-angle gather comparison between (a) TTI
and (b) orthorhombic RTM.

CONCLUSIONS

A new finite-difference implementation method for orthorhom-
bic RTM is proposed. The method is based on locally con-
stant tilt angles. By ignoring the spatial derivative of angles
the wave equation is greatly simplified. However, the simple
finite-difference implementation is unstable.
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Orthorhombic RTM

I have introduced a conditional damping term to the simplified wave equation which gives a stable solution and reduced S-wave
noise at later times. An orthorhombic elliptic anisotropy condition is derived and implemented around the source point to reduce
the source generated S-wave noise in the shallow section. Numerical tests show that the proposed method is effective. The method
is applied on an orthorhombic RTM of a sample Gulf of Mexico data. The result is a better image than previous TTI RTM image.
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Figure 3: A comparison of (a) TTI RTM and (b) orthorhombic RTM images.
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