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Analysis of Variance

Analysis of variance (ANOVA) models partition the variability of

a response variable into components attributable to one or
more explanatory factors.

Factors may be:
Categorical or quantitative
Crossed or nested
Fixed or random

Fully or partially randomized




Procedures

STATGRAPHICS has procedures for:

Oneway ANOVA —ssingle categorical factor.
Multifactor ANOVA — multiple crossed categorical factors.

Variance Components Analysis — multiple nested categorical
factors.

General Linear Models —any combination of factors.




Example #1 - Oneway ANOVA

* Data: 1/10-th systematic sample of companies in the Fortune
500 list for 1986 (Source: DASL — Data and Story Library)

* Response: Y = profit per employee

* Factor: X = sector of economy




Data file: profits.sgd

ﬁ profits.sgd E' £32
Company hssets Sale= Market Value Profits Cash Flow Employees Sector -
millions millions millions millions millions thousands
1 2681 1870 1890 145.7 352.2 18.2 Other
2 Alied Sigmal 13271 9115 8190 -279.0 83.0 143.8 Other
3 AImerican Elect: 13621 4548 4572 485.0 898.9 23.4 Energy
4 Imerican Savine 3614 367 90 114.1 24.6 1.1 Finance
5 MR 6425 6131 2448 345.8 6832.5 49.5 Transportation
6 Apple Computer 1022 1754 1370 12.0 119.5 4.8 HiTech
7 Irmstrong YWorle 1093 1679 1070 100.9 164.5 20.8 Hanufacturing
8 Bally Manufacti 1529 1295 444 25.6 137.0 19.4 Other
9 Bank South 2788 2711 304 23.9 28.9 2.1 Finance
10 Bell Atlantic 19788 9034 10636 1092.9 2576.8 19.4 Communication
11 H&R Block 327 542 959 54.1 12.5 2.8 Finance
12 Brooklyn Union 1117 1038 478 59.17 91.17 3.8 Energy
13 California Firs 5401 550 376 25.6 37.5 4.1 Finance
14 CBI Industries 1128 1516 430 -47.0 26.1 13.2 Manufacturing
15 Central TI1linoilé633 T01 679 4.3 135.9 2.8 Energy
16 Cigna 44736 16197 4653 -132.5 -651.9 48.5 Finance
17 Cleveland Elect 5651 1254 2002 310.7 407.9 6.2 Energy
18 Columhia Gas 535833 4053 1601 -93.8 173.8 10.8 Energy
19 Community Psycl 278 205 853 44 .8 50.5 3.8 Medical
20 Continental Tel’074 2551 1892 239.9 578.3 21.9 Communication
21 Crowvm Cork & Se 866 1487 944 .17 115.4 12.6 Dther
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Data Input

One-Way ANOVA
Compary L
st Dependent Y arnable:
Sales | ’I IP‘erits # Employees
M ark et W alue
Prafits
Cash Flow Fackar:
Emplopees
Sector |r\| Sector
[Select:]
[ Sart column names
k. I Cancel | Delete | Tranztorm... Help




ANOVA Table

ANOVA Tahle for Profits / Emplovees hy Sector

SOUPCE oum of squares  |DF | Mean Sguare | F-Rafio F-Falue
Between groups 177557 & 2219 44 221 0.036%
Within groups 70331 .4 70 (100473

Total (Cot) 22087 .1 78




Means Plot

Means and 95.0 Percent Tukey HSD Intervals
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Multiple Range Tests

Multiple Range Tests for Profits / Employees by Sector

Method: 85.0 percent Tukey HED

Sector Cownf | Mean Homogensous Groups
Transportation & 0420218 | XX

Ll anafacturing 10 147157 X

Fetail 10 1 BTEE0 X

HiTech g 268061 X

Iedical 4 T b4

Cther 7 10.4461 XX

Communication |2 123594 X

Finance 17 12.8905 X

Energy 15 43 A653 po

Confrasf Sig | Difference | +4 Limifs
Conunuanication - Energy -31.3059 763753
Communication - Finatice -0.531067 758429
Communication - HiTech 3ATER a0.20%
Cottenanication - Matafacturing 10 228 T8 5ETS
Comtranication - Iedical 2592461 BT EA3S
Conturanication - Other 191329 81 3458
Conturanication - Retail 10.4205 TEIETS
Comtanication - Transportation 11.9302 BAE3ES
Energy - Finance 307748 359404
Energy - HiTech 349847 444172
Energy - Marmfacturing * 421938 41 4192
Energy - Medical 33ERES 570925
Energy - Other 332192 46 4402
Energy - Retail * 41 7864 414192
Energy - Transportation 4323461 48 0079




Analysis of Means (ANOM)

Analysis of Means Plot for Profits / Employees
With 95% Decision Limits
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Residual Plot

Residual Plot for Profits / Employees
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Excluding Row #49

One-Way AMOVA
Cormpary Dependent V¥ aniable:
BAzzets
Sales Profitz / Employeess
b arket VW alLe \D I
Profits
Employees
Sectar ‘ I\\ ISEn:h:ur
[Select:)
‘ F IEHELUDE[#E]
[ Sort column names
ak. Cancel | Delete | Tranzform... | Help
ANOVA Tahle for Profiis / Employees by Sector
Source Swm of Sgquares | Lf | Mean Sguare | F-Rafio F-Falue
Between groups  |60349% a 754 37 477 0.0001
Withih groups 10909 .0 a9 | 158.101
Total (Corr)) 16244 0 7




Example #2 — Multifactor
ANOVA

Data: Exercise tolerance in a stress test (Applied Linear
Statistical Models by Neter et al.)

Response: Y = minutes until fatigue occurs on a stationary
bicycle

Factors: X1 = gender, X2 = percent body fat, X3 = smoking
history

Experimental design: 2 by 2 by 3 factorial design with 3
subjects at each of the 12 combinations of the factors

[12])




Data file: stresstest.sgd

i

ﬁ ChWebinar\stresstest.sgd E@
body fat gender smoking minutes C
1 lowr male
2 loar male
3 loxr male
4 loxr male
5 loxr male
o lowr male
7 lowr male
L loar male
9 loxr male
10 low female
11 low female
12 lowr female
13 lowr female
14 lowr female
15 lowr female
16 low female
17 low female
18 lowr female

M 4 > M| stesstest (B 4T




Data Input

Fultifactor AROVA

Dependent Y ariable:

I"‘-\ Iminutes

Factors:

> biody fat
qender

gmoking

Covanates:

™~

[Select:)

[T Soart column names I\\

ak Cancel | Delete |

Transform...

Help




Analysis of Variance Table

Analysis of Variance for minutes - Type Il Sums of Syuares

Source Sum of Sguares  |DF | Mean Square | F-Rafic | F-Falue
LAIN EFFECTS

A hody fat T02.25 1 T02.25 79.10 0.0000
B:gender 210.25 1 21025 PER 0.0000
Csmoking 343.056 2 171 528 1932 0.0000
INTERACTIONS

AR 225 1 225 0.25 06159
AC 204,167 2 102.023 11.50 0.0003
BC 1.5 2 10.75 121 03142
RESIDIAL 230833 26 |8ETEL

TOTAL (CORREECTED) 171431 35

AU F-ratios are based on the residual mean squate error,




Graphical ANOVA

Graphical ANOVA for minutes

smoking heavy light none P = 0.0000

gender female male P = 0.0000

body fat | _Mgh lo¥ | p = 0.0000
Residuals | | ! . DFEEE %EE L8 ! s I

-25 -15 -5 5 15 25




Interaction Plot

Interaction Plot
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Example #3: Analysis of
Covariance

Tests whether certain factors have an effect on the response
after removing the effect of one or more quantitative factors.

Response: Y = profit per employee

Factor: X = sector of economy

Covariate: LOG(sales)




X-Y Plot

Plot of Profits | Employees vs LOG(Sales)
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Data Input

Fultifactor ANOVA

Cormpary
Azzets

Sales

M arket W alue
Frofitz

Cazh Flow
Employees
Sector

[ Sort column names

Ok Cancel |

Dependent % ariable:

\L IF'n:ufits { Employess

Factars:

\t Sector

Covanates:

\t LOG[S ales)

[Select:)

| r\ ExCLUDE[49)

Delete | Tranzform... Help




Means Plot

Means and 95.0 Percent Tukey HSD Intervals
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Example #4 - Variance
Components Study

Data: Pigment paste example (Statistics for Experimenters by
Box, Hunter and Hunter)

Response: Y = moisture contents

Factors: X1 = batch, X2 = sample within batch, X3 = test within
sample

Experimental design: 15 by 2 by 2 hierarchical design




Data file: pigment.sgd

ﬁ ChDacDatald'pigment.sgel EI@
hatch sample test moisture
1 1 i 1 40
z 1 1 2 39
3 1 2 1 30
4 1 2 2 30
5 2 3 1 26
& 2 3 2 28
7 2 4 1 25
& 2 1 2 26
9 3 3 1 29
10 3 5 2 28
11 3 & 1 14
12 3 & 2 13
13 1 7 1 30
14 4 T 2 31
15 4 & 1 24
16 1 & 2 24
11 3 b 1 19
R
m pigrment




Data Input

Vanable Components Analysis ==

batch Dependent W ariable:

zample

test ‘ I‘"\ Imnisture
moizture

Factors in Order of Mezsting:

F batch -
zample
test
[Select:]

™|

[ Sart calumn names

] Cancel | Delete | Tranzform... Help




Variance Components Plot
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Analysis of Variance

Analysis of Variance for moisiure

Source Sum of Squares | DF | Mean Square | Far. Comp. | Fercenf
TOTAL (CORRECTEL 210518 59

hatch 141093 14 264954 712795 19.49
sathple AER.T5 15 [ 579833 28 5333 Ta.01
test 275 30 [0.216667 0916667 4.51




Example #5 - Split-Plot Design

* Data: Corrosion resistance example (Statistics for
Experimenters by Box, Hunter and Hunter)

* Response: Y = corrosion resistance of steel bars

* Factors: X1 = furnace temperature, X2 = coating

* Experimental design: Since furnace temperature is hard to
change, it will be randomized over a larger experimental unit
than coating.




Experimental Design

Runof | Temperature | Position1 | Position2 | Position3 | Position4
furnace | setting”C

C2 C3 C1 C4

C1 C3 C4 Cc2

C3 C1 C2 C4

C4 C3 C2 Cl

C4 C1l C3 C2

C1 C4 C2 C3

Each of the 6 runs of the furnace is a “whole plot”.
Temperature is a “whole plot factor” and is randomized across the runs.

Each position in the furnace is a “subplot”.
Coating is a subplot factor that is randomized across the positions. ( 29 J




Data file: steelbars.sgd

ﬁ steelbars.sgd =& &= |
e e Pogition in Coating Cur_rusiun |~
furnace resistance
whole plot subplot
1 1 |3s0 1 2 13
2 1 360 2 3 83
3 1 360 3 1 67
4 1 360 4 4 89
5 2 3o 1 1 63
1] 2 30 2 3 87
1 2 370 3 4 &6
] 2 30 4 2 91
9 3 380 1 3 147
10 3 380 2 1 155
11 3 380 3 2 127
12 3 3a0 4 4 212
13 4 380 1 4 153
14 1 3a0 2 3 90
15 4 380 3 2 100
16 4 380 4 1 108
17 5 30 1 41 150
18 5 310 2 1 140
19 5 30 3 3 121
20 5 310 4 2 142
21 6 360 1 1 33
22 6 360 2 4 54
23 6 360 3 2 ]
24 3 360 4 3 16
M4 4 b M steshhars (B (T~ [




Data Input - GLM

General Linear Madels (3]

Run of furnace
Heat

Position in furnace ’ Carrazion resiztance =
Coating

Corrosion resiztance

Dependent Y ariables:

Categarical Factors:

I\‘ Heat -
Rurn of furnace

Coating

[Juantitative Factars:

™ :

[weights:]

>

[Select:]

[~ Sort column names

k. I Cancel | Delete | Tranzform... Help




Model Specification

GLM Madel Specification [
Factors: Effects: Random factors:
A:Heat — A - a [T W
B:Fun of furnace BlA) We [0
C:Coating P C MNc TP

- |ATC

Crozs: rro Mo
A COE O-r
s I
Mest: TG 7T
ry T u
C .
= | I
) e ITx
HL EYy
- M Tz

] | Cancel | Enter Delete | Help |




Analysis of Variance

Amnalysis of Variance for Corrosion resistance

SOUPCE aum of Sguares | L | Mean Square | F-Rafio | FP-Falue
Iodel 4a017 5 14 |3465.55 2723 0.0000
Residual 1120 8% 5 124 542
Total (Corr)  |4963%64 23

Type II Sums of Squares
Source Sum of Sguares | L | Mean Sgquare  |F-Rafio | F-Falue
Heat 265193 2 13259 6 275 0.2093
Fun of furniace(Heat) 14439 4 50 (481321 265 0.0000
Coating 425913 3 142971 11.45 0.0020
Heat*Coating 326975 6 (344958 438 0.0241
Residual 112055 o 124 542
Total (corrected) JRE5E 6 43




F-tests and Error Components

F-Test Denominators

HOUTEE ¥ | Mean bgquare | Denominafor
Heat 3.00 (481321 ()
Fun of furnace/Heat) Q.00 (124544 )
Coating o.00 (124542 )
Heat*Coating .00 (124544 (2]

Variance Components

Source Esfimafe
Fun of furnace/Heat) 117417
Fesidual 124 542




Interaction Plot

Interaction Plot
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Example #6 — Repeated
Measures Design

Subject T1 T2 T3 T4
1 72 86 81 77

78 83 88 81
9 85 86 80 84
10 82 86 80 84
17 69 73 72 74
18 66 62 67 73

Each of 3 drugs was given to 8 different patients. Their heart rate was
measured at 4 distinct times.

There are 2 experimental units: “subject” to which a particular drug is
assigned, and “time period” in which measurements are taken.

Source: Analysis of Messy Data by Milliken and Johnson.




Data file: heartrate.sgd

ﬁ heartrate.sgd (o= |[-=]| 23 |
Subject Drwgy Time Heart Rate
1 1 23
2 1 AX23
3 1 AX23
! 1 AX23
5 2 B9
6 2 B9
7 2 B9
8 2 B9
2 3 COHTROL
10 3 COHTROL
11 3 COHTROL
12 3 COHTROL
13 1 AX23
11 1 AX23
15 1 AX23
16 1 AX23
11 5 BT
18 5 BT
4 4 b b heatrate 4B C o




Data input

General Linear Madels

Subject
Dirug

Time
Heart R ate

[~ Sort column names

]9 I Cancel |

Dependent Y ariables:

>

Heart Rate

Categarical Factors:

™

Crrug
Subject
Time

[Juantitative Factars:

™

[weights:]

>

[Select:]

>

Delete |

Tranzform...

Help




Model Specification

GLM Madel Specification ==

Factors: Effects: R andorn factors:
&:Drug — & - Fa [CH
B:5Subject BlA] v B O
C:Time F C F C F =]
Cross:  |A'C o o

P Fre CER

AR U -

Mest: T [T

CrH Cu

C v

[ | s rw

) Fe X

L v

- W [TZ

k. | Cancel | Enter Delete | Help |




Analysis of Variance

Analysis of Variance for Heart Raie

SOUrce Sum of Sguares | |Mean Sguare | F-Rafic | F-Falue
IWlodel 4457 04 22 (140 24E 1883 0.0000
Eesidual a5 219 A3 |7.44791
Total (Core) |4957.16 Q3

Type I Sums of Sguares
SOUrCe Sum of Sguares | L |Mean Sguare | F-Rafic | F-Falue
Drag 13331 2 BfE . 559 0.00=E
HubjectDinag) 2337 91 21 111329 1405 0.0000
Time 2ERALS 3 Qi 5581 1296 0.00on
Dirag*Time 227 417 & ar D0ZE 1120 0.00on
Fesidual 460 219 63 | 744792
Total (corrected) | 4957 14 0%




Comparison to Control

Multiple Comparisons Options
Type —Method 0k
i Al Painwize Means 5D
& Verzus Contral " Tukey HSD Cancel
" Uszer-Specified " Scheffe

" Bonferrani Help

Factar: £ Multivariate t

€ Student-Mewman-Keuls
Tirne = Duncan

i+ Dunnett
Control Lewvel; Confidence Lewvel:
3 IElE.EI 5

Multiple Comparisons for Heart Raie hy Drug

Iiethod: 950 percent Dunnett

Confrast sig |Lufference |+~ Limifs
AXS - CONTROL 4375 634025
BWWY - CONTROL * 0125 6.34025

* denotes a statistically significant difference.




User-Defined Contrast

L= 0.5%tax2z + 0.5 Mawsws - MeonTrol

Multiple Comparisons Options
Type — Method
Al Pairwize Means * 5D
" Wersuz Control ™ Tukey HSD Cancel |
f* lzer-5pecified " Scheffe
™ Banferoni Help |
Factar:  Multivaniate t
 Student-Mewman-Keuls
Time " Duncan
© Dunnett
Control Lewvel: Confidence Level:
|3 IEIE.EI 5
Hypothesis Matrix =3
1 2 3 kK
1 0.4 05 .0 I_I
2 0o 0o o Cancel |
3 nao oo (A1
4 0.0 0o 0o Help |
5 0.0 0n 0o
B 0.0 0n nn
7 nao oo (A1
3 oo oo (A1)
| 0.0 0n 0o
10 0.0 0. nn
1 0.0 oo 0o
12 oo oo 0o
13 0.0 0n nn
14 0.0 0. nn
15 0.0 oo 0o




Interaction Plot

Heart Rate

88

84

80

76

T2

68

Interactions and 95.0 Percent Tukey HSD Intervals

Ti T2 T3 T4

Drug
—— AX23
—s— BWW3
—4— CONTROL




References

* Box, G. E. P,, Hunter, W. G. and Hunter, J. S. (2005). Statistics
for Experimenters: An Introduction to Design, Data Analysis,
and Model Building, 2nd edition. New York: John Wiley and
Sons.

* DASL — Data and Story Library. (lib.stat.cmu.edu/DASL)

* Milliken, G. A. and Johnson, D. E. (1992). Analysis of Messy
Data - Volume 1: Designed Experiments, reprint edition. New
York: Van Nostrand Reinhold.

* Neter, J., Kutner, M.H., Wasserman, W., and Nachtscheim, C.J.
(1996). Applied Linear Statistical Models, 4th edition.
Homewood, Illinois: Irwin.




