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After outlining analytical methods for layout optimization and illustrating them with examples, the
COC algorithm is applied to the simultaneous optimization of the topology and geometry of trusses
with many thousand potential members. The numerical results obtained are shown to be in close
agreement (up to twelve significant digits) with analytical results. Finally, the problem of generalized
shape optimization (finding the best boundary topology and shape) is discussed.

1. Introduction
General aspects of the COC algorithm and its applications to cross-section optimization
were discussed in Part I of this study [l]. Simultaneous optimization of the topology and
geometry by means of COC methods, as well as generalized shape optimization are discussed
in this paper.
Layout optimization consists of three simultaneous operations, namely
(a) topological optimization (spatial sequence or configuration of members and joints),
(b) geometrical optimization (location of joints and shape of member axes), and
(c) optimization of the cross-sections.
One of the difficulties in shape optimization is that the optimal shape may represent a
multiply connected set with internal boundaries whose topology is not known and is difficult to
determine, because new internal boundaries cannot be easily generated. Moreover, in many
optimization problems the theoretical optimal shape contains an infinite number of internal
boundaries. The determination of the topology then becomes a layout optimization problem.
Generalized shape optimization is aimed at determining simultaneously the boundary
topology and boundary shape. The optimal solution of these problems contains three types of
regions, namely (a) solid (black), (b) empty (white) and (c) perforated (grey) regions.
Geometrically unconstrained cross-section (thickness) optimization of. plates and shells
often results in a, theoretically, infinite number of rib-like formations whose layout must be
optimized. This means that both cross-section and shape optimization may require, in effect,
layout optimization.
Layout optimization is the most complex task in structural optimization because
- one has a choice of an infinite number of possible topologies, and
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- for each point of the structural domain, there exist an infinite number of member directions.
The cross-section of non-vanishing (optimal) members must be optimized simultaneously.
Layout optimization is important because it enables much greater material savings than
pure cross-section optimization.
To illustrate this point on a simple example, we consider the problem in Fig. I(a), in which
four point loads P are required to be transmitted by beams of constant depth to simple
supports along the boundary of a square domain. In the first solution shown (Fig. l(b)), the
total ‘moment area’ (area of the moment diagrams), which is a measure of structural weight, is
6Pa2. The optimal beam layout in Fig. l(c) gives a total moment area of 4Pa*. The weight
difference of 50% is much greater than the usual savings achieved by cross-section optimization.
An even bigger difference between the weight of optimal and nonoptimal layouts is found
for the boundary and loading condition in Fig. 2(a), in which the transverse point load P is to
be transmitted to two simply supported edges (double lines) of a rectangular domain. The
other two edges are unsupported. Figure 2(b) shows the optimal beam layout and the
corresponding moment diagrams with a total moment area of 8Pa*. The nonoptimal layout
shown in Fig. 2(c) has a moment area of 17Pa2which exceeds the optimal one by 112.5%. It
has been shown [2] that for long span grillages, for which the selfweight is a significant load
condition, this difference between optimal and nonoptimal structural weights is often over
1000%.
The most systematic analytical method for layout optimization is the so-called layout
theory, developed by Prager and Rozvany in the late seventies and extended by the research
teams of the latter in the eighties. This theory is a generalization of an approach used around
the turn of the century by Michell [3] (see Part I, Section 2.2), who made use of some ideas by
Maxwell [4]. Layout theory is based on two underlying concepts, namely,
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Fig. 1. Comparison of optimal and non-optimal beam layouts.
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Fig. 2. Another comparison of optimal and non-optimal beam layouts

(a) the structural universe, which is the union of all feasible or potential members, and
(b) continuum-based or static-kinematic optimality criteria, which are mathematical conditions for the optimality of a structure, reinterpreted in terms of a fictitious adjoint
structure (see Sections 2-5 of Part I).
The adjoint strain-stress relations give a strain requirement, usually in the form of an
inequality, also along vanishing members (having a zero cross-sectional area and zero
generalized stress). This means that in convex problems, for which the optimality criteria
represent sufficient conditions, their fulfilment for the entire structural universe also represents a sufficient condition of optimality for the structural layout.
As was explained lucidly by Kirsch [5], layout optimization problems are solved by the
numerical school in two stages. First, topological optimization is carried out by assuming a
‘highly connected’ ground structure (in this paper: structural universe) and then removing
non-optimal members. The second stage consists of geometrical optimization, in which the
topology is assumed to be fixed (unless some joints coalesce during the solution process) and
the design variables are the coordinates of the joints and the cross-sectional areas. The above
design variables are usually optimized by mathematical programming methods.
Topological optimization in the past, even with simplifying assumptions and approximations, was restricted to a small number of potential members because of the limited
optimization capability of the mathematical programming methods used. Kirsch [5], for
example, uses only 8 potential members in one half of a symmetric truss. Due to the
introduction of iterative COC methods, to be described in Section 3, it has become possible to
investigate structural universes with many thousand potential members.
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Earlier formulations of the layout theory for structural design were introduced by Prager
and Rozvany [6-81, and more up-to-date reviews of this field were offered in principal lectures
of NATO ASI’s [9-l 13, in a book chapter [12] and, in particular, in a recent book [2] by the
latter.

2. Analytical methods for layout optimization
The general ideas of layout theory will be explained through examples involving the
following two types of structures:
- beams having rectangular cross-sections of given depth and variable width, and
- trusses or pin-jointed frames.
The two types of design conditions to be considered here will be
- optimal plastic design for a given ultimate load, and
- optimal elastic design for a given compliance (the sum of products of external forces and the
corresponding deflections).
2.1.

Optimal

plastic

design

The fundamental relations for this class of problems were given in Fig. 2 of Part I [l]. We
restrict our treatment to a specific cost function of the form

@= I DklQ)dx,

ccI=klQi,

(1)

where k is a given constant, 4 the member weight per unit length, Q is the relevant
generalized stress, @ is the total structural weight and D is the structural domain. For trusses
we have Q = N (where N is the axial member force) and k = y/u0 (where y is the specific
weight of the truss material and ?a,, is the yield stress in tension and compression). For beams
of variable width z, but given depth h, we have Q = M (where M is the bending moment) and
k = 4y/ha,, (see also Section 2.3 of Part I).
Before evaluating the optimality conditions for the above class of problems, we clarify once
more that the generalized gradient % for a cost function of one variable $( Q) has the meaning

(2)

+Q) = d$/dQ,
if +(Q) is differentiable at the considered Q-value, and it becomes
Se($)= v(d+/dQ)-

+ (1 -

v)(d+/dQ)+,

06 ys 1,

(3)

if @cl(Q)has a cusp at the considered Q-value, where (d$/dQ)- and (de/d&)’
represent the
slope to the left and right of the cusp. Then it follows from Fig. 2 or (6) in Part I [l] that the
adjoint strain for the specific cost function in (1) becomes
q=ksgnQ

for QZO,

(4)
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in which 4 = E (where E is the adjoint axial strain) for trusses and 4 = K (where K is the
curvature) for beams.
These optimality conditions were represented graphically, in the context of beams, in Fig.
3(c) of Part I.
2.2.

Optimal

elastic design for a given compliance

In the literature, ‘compliance’ means the product of the external loads and the corresponding displacements

In the case of a compliance constraint, the virtual load becomes identical with the real load
p= p and hence in Fig. 5 of Part I [l] the real and adjoint systems are also the same, with
@=Q andq=q.
We consider the class of problems with single-component generalized stress and strain

Q=Q>

(1=4>

l)=cz,

[F] = 1 /rz )

(7)

where c and Y are given constants and z is a cross-sectional variable. Then the optimality
criterion in (23) of Part I is replaced by
z=m(QI.

(8)

If a minimum value for z is prescribed (z 3 za), then we have [cf. (34) in Part I]

(for $$?]Q]sz,)

z=z,.

(10)

Since in this class of problems 4 = Q /rz = Q /rz, (7) and (9) imply
(form]Q]>z,,z>~~)
(for ~IQl~z,,

z=z,)

@=Q/rz=msgn]Q],

(11)

~~~=lQ~/<rz,)~~.

(12)

After a limiting process with z, -j 0 and replacing m
with k, we can see that (11) and
(12) reduce to (4) and (5). This means that, within a constant factor, the optima&y criteria
for optimal plastic design and optimal elastic design for compliance are identical for both
trusses and beams of given depth. This confirms earlier observations regarding M&hell frames
by Hegemier and Prager [13]. These authors have also shown that the same solutions (within a
constant factor) are valid for given natural frequency and for given stiffness in stationary
creep.
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The value of the multiplier v can be determined from the work equation and (8) as
C=

I

Dpudx=

(13)

furnishing

(14)
Moreover, for the total cost (weight) @ we have by (7), (9) and (14) for z, -+O

2.3.
2.3.1.

Elementary
Two-span

examples

illustrating

applications

beam with a central point

of the layout theory

load over one span

This is a very simple layout problem in which the structural universe consists of two beam
spans. Over one of the spans the beam cross-section may take on a zero area. Since the
optimal deflection diagrams can be subjected to a linear transformation, the constant k in (4)
and (5) or m
in (11) and (12) with z, = 0 will be replaced by unity and then for Q = M
and S = K the normalized adjoint beam curvatures for both plastic and elastic design are
(for JMI>O)

K=sgnM,

(16)

(for IMI=O)

IKl<l.

(17)

Moreover, the optimal values of the width in elastic compliance design are given by (9) as
z=f&jMI.

(18)

It will be shown that the solution depends on the ratio of the loaded and unloaded spans. In
Fig. 3(a), this ratio is 1: 2. Assuming that the beam takes on a zero cross-sectional area over
the longer span, we have the moment diagram in Fig. 3(c) and the adjoint deflection diagram
in Fig. 3(b) satisfies the curvature conditions in (16) and (17). Note that for the vanishing
beam region over the longer span we still have an adjoint deflection’ diagram which plays an
important role in determining the optimal solution. By (18) the diagram in Fig. 3(c) also
represents the variation of z/a.
Prescribing a compliance value of C = 1 (corresponding
to a unit deflection at the loaded point), the moment area A in Fig. 3(c) and (15) with C = 1,
Q* M furnish the beam weight
@ = (1 /8)2 = l/64 = 0.015625 .

(19)

1 In Fig. 3, the normalized values of the real and adjoint deflections are the same for non-vanishing
cross-sections and hence K refers to both real and adjoint curvatures.
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a

Fig. 3. A simple layout problem: two-span beam.

If we now change the ratio of the loaded and unloaded spans to 2: 1 (Fig. 3(d)), then the
type of moment diagrams in Fig. 3(f) would require by (16) the adjoint deflection diagram in
Fig. 3(e). In the latter, the slope at the support C is du/dx = 0.5 and then the end condition
u, = 0 requires 2(0.5) + (2 - x,)(2 + x,,) /2 - xi/2 = 0, giving x0 = fi. The moment diagram
in Fig. 3(f), whose absolute value also represents z/r v K, can then be determined from
simple statical considerations. By (15), the normalized beam weight becomes
(A 1+ A,)* = (2ti

- 3)’ = 0.215390309.

(20)

The above solutions will be verified by numerical (iterative COC) calculations in Section
3.2.1.
It is still interesting to know, at which span ratio the elementary topology in Figs. 3(a-c)
changes to the topology in Figs. 3(d-f).
Clearly, the topology represented by Figs. 3(a-c) is valid up to a span ratio of 1: 1, at which
the curvature in the unloaded span also reaches K = 1. Beyond this span ratio, the condition in
(17) does not allow a zero cross-sectional area in the unloaded span.
Note that all moment diagrams in this section had to be statically admissible and the
corresponding adjoint curvatures kinematically admissible in order to fulfill the optimality
condition in Fig. 5 in Section 3.3 of Part I [l].
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In the case of pin-jointed frames, the generalized stress is the axial force Q = N and the
generalized strain is the axial member strain q = E. Then the general optimality conditions (4)
and (5) for optimal plastic design reduce to Michell’s optimality criteria [(l) and (2) in Part I]
and for optimal elastic design with given compliance, (11) and (12) with z, = 0 give the same
solution within a constant multiplier. In this, and the next two examples, therefore, we shall
consider plastic design for simplicity. The relevant optimality criteria are repeated here in a
normalized form (with k = 1) for convenience
(for (N(>O)

c=sgnN,

(for (N]=O)

]&(dl.

(22)

Figure 4(a) shows the loading and a structural universe for the considered problem and Fig.
4(b) the optimal solution which can be proved as follows. One must find a displacement field
satisfying (21) and (22), as well as the kinematic boundary conditions, that is, zero displacements in all directions along the vertical support. This means that along the two bars in Fig.
4(b) the strains must be E = 1 and E = -1, respectively, and along all other members in Fig.
4(a) the absolute value of E must not exceed unity. Denoting the displacements in the x and y
directions in Fig. 4(b) by u and u, a displacement field satisfying the above conditions is
u(x, y) = 0 > u(x, y) = -2% ,

(23)

which clearly satisfies the kinematic boundary conditions u, = U, = 0 along the support with
x = 0. Moreover, the strains in the x and y directions are

au

,=dx=o,

au
Ey=-=o,
ay

v,,2+~4.

(24)

ay

Then in the principal directions at 45” to the vertical, the principal strain values become
E, = 1)

(4

EZ=-l.

(25)

(b)

Fig. 4. Optimal layout of a simple pin-jointed frame.
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The above displacement field, therefore, satisfies (21) along the non-vanishing members in
Fig. 4(a), in which the forces are statically admissible. Moreover, since the principal strains
represent the directionally highest absolute values of the strains, (22) is also fulfilled for any
vanishing member in Fig. 4(a). In fact, the same solution would be still valid, if the structural
universe consisted of all possible members contained in the half-plane to the right of the
vertical support in Fig. 4(a).
2.3.3. Optimal
vertical line

transmission

of a vertical point

load to supports

formed

by a horizontal

and a

It can be shown that in the above problem, the optimal topology depends on the ratio of the
distances of the vertical point load from the vertical and horizontal supporting lines. The
analytical proof is based on the adjoint field given in Fig. 5(b), in which the displacements
satisfy all kinematic boundary conditions, as well as continuity conditions along the boundary
of the two regions indicated. Arrow-like symbols indicate the direction and sign of principal
strains having a unit value, along which, by optimality condition (21), a non-zero force is
admitted. This means that for loads above the region boundary with a slope 2 : 1, the optimal
topology consists of two bars of 45” to the vertical and for loads below that boundary the
optimal topology consists of a single vertical bar. Examples of the optimal load transmission
are given in Fig. 5(a).

x

\

\
x3

x

:’
:’

Fig. 5. Adjoint field (b) and optimal layout (a) for a corner region with a point load.
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trusses and shell-grids

The above layout theory was particularly successful in providing analytical solutions for
least-weight grillages considering almost all possible boundary and loading conditions [2,
6-121, as well as for shell-grids (arch-grids) [9-121. More recently, a systematic survey of
least-weight trusses for various boundary conditions was carried out [14, 201.

3. Layout optimization using the iterative COC algorithm
3.1.

General formulation

For the layout of all elastic systems with a deflection constraint, basically the same
procedure can be adopted as the one described in Section 3.6 of Part I [l]. The main
difference is that, for the prescribed minimum value z, of the parameter zi, the smallest
possible value (e.g. lo-l2 times the average value of that parameter) is used which can still be
handled by a program with double precision and does not cause ill-conditioning.
3.2.
3.2.1.

Elementary
Two-span

examples

of layout

beams with a central

optimization
unit point

by the iterative

COC method

load over one span

The problem solved analytically in Section 2.3.1 was also computed by the iterative COC
procedure using a prescribed minimum width value of zi, = 1O-8 with N = 300 and N = 1800
elements. For the span ratio in Fig. 3(a), the COC method yielded total cost values of
@300= 0.015625018 (22 iterations) and @180,,
= 0.015625013 (21 iterations), both showing a
7-digit agreement with the analytical result in (19). For the span ratio in Fig. 3(d), the COC
= 0.21539237 (36 iterations),
procedure yielded Q&, = 0.21540290 (22 iterations) and @180,,
which represents four and five digits agreements, respectively, with the analytical result in
(20). The above iteration numbers were required for a convergence tolerance value of
E = lo-” [see (35) in Part I], but a @-value with an error of less than 2% was obtained already
after 3 iterations. The convergence was near-uniform, both the Q-values and their differences
decreasing monotonically.
3.2.2.

Simple pin-jointed

frames

Figures 6(a-c) show some simple truss layout problems which were solved for given
compliance by the iterative COC method. Members indicated in thick lines represent optimal
bars in analytical solutions (see, for example, Fig. 5). Figure 6(d) show? the convergence
history for the truss in Fig. 6(b). The ‘weight’ 6 here is nondimensional, Q, = @EA /(PL”y ),
where @ is the total weight of the structure, E is Young’s modulus, A is the prescribed
deflection, P is the point load, L is the di9ension shown in Fig. 6 and y is the specific weight
of the material used. The ‘scaled weight’ Qs corresponds to a truss in which all cross-sections
are linearly scaled to satisfy the compliance (deflection) condition exactly.
For these problems, the COC method was combined with either (a) a finite element (FE)
program developed by the first author, or (b) ANSYS. Both FE programs yielded identical
results.
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Fig. 6. (a)-(c) Various simple layout optimization problems solved by iterative COC methods. (d) Non-dimensional
scaled structural weight $S versus number of iterations n for the problem under (b).

Using the nondime_nsionalization given above for 6, the exact optimal weight for the %-bar
truss (Fig.-6(b)) is Q, = 16 and the iterative COC procedure yielded after 126 iterations a
weight of Qs = 16.000000000048,which represents an agreement of twelve significant digits. In
the COC solution, all non-optimal members took on the prescribed minimum cross-section
(z”, = 10-12), except members a and b (Fig. 6(b)) which had a cross-sectional area of
Fi = 2.88 - lo-l2 and ?i = 1.74 * 10-12.This indicates that all non-optimal members vanish when
Za--, 0, as in the analytical solution. The cross-sections of the optimal members agreed with
the analytical solution for the first 12 significant digits.
In the 40-bar problem (Fig. 6(c)), all non-optimal members took on the value of Z”,= lo-l2
in the iterative COC solution and the cross-sectional area for the optimal members agreed
again with the analytical solution.
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Fig. 7. A more complex structural universe with 114 members for the example in Fig. 6(b).

The problem in Fig. 6(b) (56-bar truss) was also run on the COC program with a structural
universe having 114 members (Fig. 7). The optimal members (thick lines) again took on a
cross-sectional area of 2.8284271 (-2fi)
and all other members took on the prescribed
minimum value of 10-12, except the ones marked with a broken line, which were all under
10-Y The above run yielded an optimal total cost value of 16.00000000016 after 231
iterations. The larger error compared to the analytical solution is due to the larger number
and the greater average length of the members with the minimum cross-section.
The same problem was also investigated with a structural universe having 804 members
(Fig. 8(a)). The optimal members are again shown in thick line (Fig. 8(b)) and the members
having an area slightly greater than the prescribed minimum value (lo-l2 < zi < 10-l’) in
broken line. The unusually stringent convergence criterion of (@,,,W- QO,,)/@new< lo-l4 was
satisfied after 627 iterations and gave a total cost value of 16.00000000081.
At the time of these investigations, the analytical solution was not available. It was obtained
somewhat later [14] and is given in Fig. 5 herein.
4. More advanced examples of layout optimization by the iterative COC method
4.1.

Truss-like

continuum

containing

a Hencky

net

It was pointed out by Prager (e.g. [6]) that many least-weight truss layouts consist of an
infinite number of members having an infinitesimal spacing and hence they should be termed
‘truss-like continua’. One such optimal layout is shown in Fig. 9(a) in which the truss is
restricted to the rectangle ABCD and a point load P = 1 is to be transmitted to the shorter
side at the opposite end. The triangle ACE contains no members on its interior and the
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Fig. 8. (a) Structural universe with 804 members for the: problem in Fig. 6(b). (b) COC results

(b)

P
37.6901”

+

1.5 +
(a)
ib = 4.498115

Fig. 9. Optimal layout consisting partly of a Henky net: (a) analytical, (b) COC solution.
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regions AEF and CEG consist of straight radial members. The region EFGH is a Hencky net
with curved members. For obvious reasons, only a finite number of members are indicated.
The analytical solution of the above problem is discussed by Hemp ([15, pp. 97-991). For a
side ratio of 1.5 to 1.0, Hemp’s equation (4.120) gives

yielding the angle p = 82.690133”. Then the total truss volume can be calculated from Hemp’s
equations (4.123) for a unit load and k = 1 (in Hemp’s notation fiFR/a
= 1) as

@= (1 + WZ”(W

+2&a-4

T

(27)

where I, and I, are modified Bessel functions. For the above p-value, (26) gives the optimal
truss volume
= 4.498115.

@opt.plastic

(28)

The above value represents an optimal plastic design [( 1) with k = 11. For elastic design with a
compliance constraint (C = 1) we have by (15) with c = Y = 1
CD
opt,compliance

= 4.4981152= 20.233042.

(29)

Using the iterative COC algorithm and structural universes with 5055 and 12992 members,
respectively, truss volumes of @ = 20.540807 and @ = 20.419699 were obtained for elastic
design with a compliance constraint. For plastic design, by (1) with k = 1 and (15) with C = 1,
the square root of the above values must be taken, giving @ = 4.532197 and @ = 4.518816,
which represent 0.76% and 0.46% errors compared to the analytical solution. In the above
procedure, a minimum prescribed cross-sectional area of lo-l2 was used. The system with
5055 members required over 3500 iterations with a convergence tolerance value of E = lop8
[see (35) in Section 3.6 of Part I [l]], but a @-value of 20.77 was reached already after 100
iterations (1% error compared to the value after satisfaction of the convergence criterion).
The layout of members having a cross-sectional area over z = 0.1 in elastic compliance design
is shown in Fig. 9(b), which exhibits clear similarities with the analytical solution in Fig. 9(a).
The above cross-sectional area [by (1) with k = 1, as well as (8) and (14) with c = Y = C = l]
corresponds to z = 0.1 /~~pt,plastic= 0.1/4.498115 = 0.0222 in plastic design.
4.2.

Single point

load parallel

to a supporting

line, triangular

structural

domain

For the above problem, in which the structural members are restricted to the triangle ABC
in Fig. 10, with a support along AB and free edges along AC and BC, the fairly obvious
analytical solution consists of members running along the free edges of the domain (Fig. 10).
Before a rather complicated proof for the above solution was found [20], the same problem
was investigated by the iterative COC procedure, using a structural universe with 720
members (Fig. 11). The analytical solution for the above problem yields @ = 25 and the
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Fig. 10. Loading and analytical solution for a layout restricted to a triangular domain.

Fig. 11. Structural universe with 720 members for the problem in Fig. 10.
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iterative COC solution with a prescribed minimum cross-sectional area of z, = 10-l” and
convergence tolerance value of E = lo-l4 gave after 268 iterations @ = 25.000000001168.

a

5. Layout problems with alternate loading conditions
5.1. Plastic design
If

the

structure

is subjected to several alternative
loading conditions
equilibrating
the
statically
admissible
stress
fields
Qj (1,2, . . . , n),
(P,,P2,“.,Pj,*-*,
our optimization problem in plastic design becomes
p,)

subject to
(for all x E 0)

4(x) = max @[Q;(X)] ,

(30)

where $ is the specific cost requirement for a given stress vector Qs and 4 is the value of the
specific cost (e.g., cross-sectional area) to be adopted in the optimal design.
For the above problem, the optimality criteria are ([2, (1.24) on p. 471)
(for all x E 0)

qy = hj(x)%{$[Q~(x)]}

h,>O,

only if (cl= $(Q,“) , c Aj = 1 .
i

hj >O

,
(31)

Considering now the class of problems with a specific cost function 4 = k] Q j( where Q j is a
single-component generalized stress, and two loading conditions, the optimality criteria
become

(fork(&,l=$, klQ,l<k

lQ,lW

qt=kwQ2,

q2=Oy

(forklQ,I = 6, klQ,l< 51,)IQ,1‘0) q2= kw Q2y qt =O7
(for k( Q,] = k(Q,] = (cl> 0) ,

q1 = Ak sgn Q, ,

(32)

(33)

q2 = (1 - A)k sgn Q2 , 12 A 2 0 ,
(34)

(for Q,=Q,=$=O>

]q1]+]q2]sk.

(35)

It is relatively difficult to find a solution satisfying the above optimality conditions.
However, it was shown independently by Nagtegaal and Prager [16], Spillers and Lev [17] and
Hemp [15] that one can employ a superposition principle consisting of the following steps.
First, construct the component load systems
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-Pd.

(36)

Then optimize the structure for pT and pz separately and add the corresponding specific costs
lcrTand $T,

The above specific cost ($I) values represent the optimal solution for the two alternate loading
conditions ( p1 and p2). Denoting the adjoint strains of the optimal solutions for the
component loads by qT and 4;, the adjoint strains for the original two loading conditions,
satisfying (32)-(35)) are given by

The above superposition principle will be illustrated with a simple example. Determine the
optimal truss layout for the two load conditions in Figs. 12(a,b). The component loads and the
corresponding optimal solutions are given in Figs. 12(c,d), in which the adjoint displacements,
respectively, are (with k = 1)

1
4
45”

0Pl

;>

@

(4

I

l/2

J2/2

Ql =

=Pl+P*

(cl
@

=Pl-P*

112
~

(h)

(4

(j)

(k)

Fig. 12. Optimal layout for plastic design: two alternate loads.
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LI;= 2x )

(39)

where ii and V denote displacements in the x and y directions. It can be readily checked that
the displacements in (39) give the strains in Figs. 12(c,d) and that the latter satisfy the
optimality conditions in (21) and (22) (Section 2.3.2). The superimposed optimal solution for
the two alternate loads is shown in Fig. 12(e) and the member forces for the two load
conditions in Figs. 12(f,g). Note that only statical admissibility is required in plastic design. It
can be seen from the above figures that all members are fully stressed (k] Q j] = $ with k = 1)
for both loading conditions and hence optimality criterion (34) applies. The adjoint strains for
the alternate loads are given in Figs. 12(h,i), calculated on the basis of (38). Kinematic
admissibility of the strains in Fig. 12(i), for example, can be checked by superimposing the
simple displacement fields in Figs. 12(j,k). The strain fields in Figs. 12(h,i) satisfy the
optimality criterion (34) with A = l/4, A = l/2 and h = 3 /4 for the top, middle and bottom
members, respectively, and hence optimality of the considered solution is confirmed.
For layout optimality, it is still necessary to show that the strains for nonoptimal directions
also satisfy conditions (35). For an arbitrary angle (Y, the strains become (Fig. 12(h))
~~= $62 sin (~[3 cos( 135”- (Y)- cos(45” - a)] ,
Ed= i/-z sin ~r[cos(135” - a) + 3 cos(45” - (Y)] .

(40)

By condition (35),

for any value of (Y in an optimal solution. Indeed, relations (40) and (41) with

k=

1 imply

+ sin (y[ ]3(sin (Y- cos cy)- (sin (Y+ cos cz)]+ ]3(sin (Y+ cos C-X)
- (sin (Y- cos a)]] d 1 ,
(42)
which can readily be shown to be correct. The actual variation of the left-hand side of relation
(42) is given in Fig. 13. It can be seen that ]&r] + ]E~]only takes on the value k in the optimal

10"

20"

30"

40"

50"
45"

60"
70"
63.43"

80"

90"

Fig. 13. Check on optimality condition (35).
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directions and condition (41) is also satisfied for all other directions. The above problem was
investigated in an earlier publication [18].
The superposition principle discussed here has been extended to an arbitrary number (2”)
of loading conditions by Rozvany and Hill [19].
5.2.

Elastic

design for compliance

For several loading conditions (k = 1,2, . . . , s) and several displacement conditions ( j =
1,2, . . . ) u), the optimality condition in Fig. 5 of Part I [l] changes to

~,,[+(z)]
+ci 2k yk@s,K
*{%[F]}Q;‘”

= 0 .

Considering the class of simple problems with $ = cz, [F] = 1 /rz, and two compliance
constraints [with scalar stresses Qi+ Q, in (43)] ], (Qf/rz) dx = Ck (k = 1,2), (43) and (44)
reduce to
qk=vkkQkh,
c-i

(45)

k=l,2,

vkkQ;/rz=O

+

z = d(vllQi

+ v,,&)

/rc .

k=l

(46)

The above optimality criterion is difficult to handle in analytical derivations, but is highly
suitable for an iterative COC procedure.
For a discretized formulation, the values of the Lagrangians vi1 and vZ2can be calculated
from the compliance constraints [cf. (33) in Section 3.6 of Part I]:

c, = c
A

Q,",'i
rj/(v,,Q,“,

+ v,,Q$)/rc

+ c -,Qi;cSi k=l,2,
p

“a

(47)

where Si is the element length. Equations (47) can, in general, only be solved iteratively.
In the case of a symmetric boundary and two anti-symmetric load systems (as in Fig. 12),
we have vll = vZ2= v. Moreover, we can carry out the analysis for one load condition only and
denote by Q and Q the stresses in the corresponding elements of the two symmetric
half-structures. Then (46) reduces to
z =

v(Q”

+ o”)/rc.

(48)

If the entire structure has 2n elements and they are numbered in the same symmetric sequence
for the two halves, then the discretized equivalent of (48) becomes
zi = Zi+n =

v(Qf + Qf+,)/rc,

i = 1,2,. . . ,n.

(49)
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Moreover, for the considered symmetric problems with C, = C,, (47) reduces to

where in the subscript ‘ +-‘, we have ‘+’ for lSi<n
and ‘-‘for n+lai<2n.
The problem in Fig. 12(a,b) was solved for an elastic compliance constraint using the above
iterative COC procedure with 7170 potential bars. After 1500 iterations a total weight value of
@ = 3.49295726 was obtained. The plot of bars having a cross-sectional area over ,z = 0.08 is
shown in Fig. 14 (continuous lines), in which three different line thicknesses show various
ranges of member sizes (z). The ‘structural universe’ consisted of 11 x 21 grid-points and the
connecting members were restricted to slopes of 0, l:l, 1:2,. . . , l:lO, 2:3, 2:5,. . . ,2:9
and their reciprocals (see part of the structural universe in the top right corner of Fig.
14). The exact analytical solution for the above problem is, as yet, not known to the
authors. However, if we assume a symmetric two-bar system (broken lines in Fig. 14), then
the optimal solution within this topology can be determined easily. It can be shown from
statical considerations that for p1 = 1 the member forces are

\cos a

----

sin a/ ’

(51)

z > 0.6
.z > 0.2
t > 0.08
“analytical”
solution

Pl = 1

/
\

c

Pz = 1

1

Fig. 14. Iterative COC solution for a compliance constraint with two alternate loading conditions and part of the
structural universe.
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and due to symmetry of the solution we have
1
A cosa sin2(2a) ’

(52)

where A is the cross-sectional area and L is the member length. The relation (52) implies

A=

1
cos a sin2(2a) ’

@=2AL=

2

(53)

cos2 a sin2(2a) ’

Then the usual stationarity condition (d@ /dcu = 0) implies

2 cos a sin (Ysin’(2a) - 4 cos2 cr sin(2cr) cos(2a) = 0 ,
@=27/8=3.375,

A = 27/ 16a

= 1.37783798,

tan2a=1/2,

a =35.26438968“. (54)

The optimal two-bar system, having a slope of tan (Y= 1 /fi is shown in broken line in Fig.
14. Since this system has 3.495% lower weight than the COC solution with 7170 potential
members, it could be the absolute optimal layout. It can be seen from Fig. 14 that the COC
procedure, within the limited range of admissible member slopes, is trying to achieve this
solution.
Quite recently, another iterative COC calculation with 12202 members (an 11 x 21 grid as
before, but with all possible connecting members within each half-grid) gave a weight of
3.375668 which is only 0.0198% above the assumed analytical solution. This numerical
solution consisted of two heavy bars in the vicinity of the broken lines in Fig. 14, which
confirms the assumed analytical solution.

NOTE. It can be seen from Sections 5.1 and 5.2 that unlike for a single load condition, the
solutions for plastic design and elastic compliance design differ significantly if several alternate
loads are considered.
The authors were informed recently that in an unpublished symposium paper Bendstie and
Ben-Tal [29], who used a different method, also presented optimal truss layouts involving
several thousand potential members.
6. Generalized shape optimization
Before discussing the implications of layout optimization in shape optimization, we show
one more iterative COC result concerning a simply supported truss with a central point load
(Figs. 15(a-d), which show one half of the truss for various ranges of cross-sectional areas).
For a comparison, Figs. 15(e-i) show COC solutions for a plate of variable thickness (t) with
the same support and load conditions.
It was mentioned in the Introduction that in generalized shape optimization one type of
region, termed perforated (grey) region, contains a fine system of cavities or, theoretically, an
infinite number of internal boundaries. A similar result was obtained in plate optimization
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Fig. 15. A comparison of a truss layout and a plate of variable thickness obtained by the COC method.

where optimal solid and perforated plates were found ([27, 281, see also [21, 221) to contain
systems of ribs of infinitesimal spacing and hence the thickness function has an infinite number
of discontinuities over a finite width. Although the material in these problems is isotropic, the
‘homogenization’ method consists of replacing ribbed or fibrous elements with homogeneous
but anisotropic elements whose stiffness or strength is direction- but not location-dependent
within the element (e.g. [28]).
From a historical point of view, the basic idea of homogenization was introduced already by
Prager and the second author (e.g. [8, 9]), although they used the terms ‘grillage-like
continua’ and ‘truss-like continua’. In these structures, a theoretically infinite number of bars
or beams occur over a unit width but the above authors replaced this system with a
continuum, whose specific cost, stiffness and strength depended on the ‘lumped’ width of the
bars or beams over a unit width. This concept was clearly equivalent to homogenization, but
in an engineering rather than a mathematical context. Applications of homogenization in
generalized shape optimization were discussed in pioneering contributions by Bendsoe (e.g.
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[23]) which represent one of the most important recent developments in structural optimization.
Returning now to the shape optimization of a perforated plate in bending or in plane stress,
various mathematical studies suggestedthat the optimal microstructure consists of ribs of firstand second-order infinitesimal width in the two principal directions, if the structure is
optimized for a given compliance. The stiffness and cost properties of this microstructure were
discussed in papers by Rozvany et al. [22]. For a zero value of Poisson’s ratio, for example,
the non-dimensionalized specific cost becomes

4 = (S,- 2&s, + s,>41 - S,S,)>
where S, and S, are the non-dimensionalized stiffnesses in the principal directions. The above
formula, for example, gives $ = 1 for S, = S, = 1 (solid or ‘black’ regions) and q!~= 0 for
S, = S, = 0 (empty or ‘white’ regions). On the basis of the specific cost function in (55),
analytical solutions were obtained for axisymmetric perforated plates [22]. Naturally, the same
cost functions could be used for numerical shape optimization, and should give the correct
solution for plates in plane stress or bending. This development is pursued currently by the
authors.
The main aim of the investigations by Bendsoe [23] and Kikuchi et al. [24] is to come up
with a practical topology, in which the perforated (‘grey’) areas disappear and the optimal
structure consists of solid (‘black’) and empty (‘white’) regions only. This procedure can be
seen from Fig. 16(a,b), in which Olhoff et al. [26] first determined the approximate optimal
topology (Fig. 16(a)) for the support condition and loading considered in Fig. 15, and then
carried out a separate shape optimization (Fig. 16(b)) for the more detailed design conditions.
This ‘homogenization’ method, indeed, gives negligibly small perforated (grey) areas, as can
be observed in Fig. 16(a), and also in Fig. 17 which was obtained by Kikuchi et al. [24] for the
load and support conditions in Fig. 9. The latter seems to give the same topology, irrespective
of the number of elements (N) employed.
The following circumstantial evidence seems to indicate that the exact optimal topologies
differ from those obtained by the homogenization method (e.g. Figs. 16(b) and 17):
- In the analytical solutions obtained for perforated plates [22], a high proportion of the plate
area is covered by perforated (grey) areas.
- It was shown previously [22] that the solution for very low volume fractions tends to that for
grid-type structures (Michell frames or least-weight grillages). This was also observed by
Prager who commented on some optimal solid plate designs by Cheng and Olhoff [27]. It
was also noted [22] that, as the volume fraction increased progressively in analytical
solutions, solid (black) regions developed in areas where the ribs in the perforated regions
had the greatest density. Making use of this observation, the grid-type solutions in Figs.
15(a-d) imply the topology in Fig. 16(c) (graphics by Dr. Gollub), in which the width of the
solid regions is based on the cross-sectional areas of the ‘concentrated’ bars along the top
and bottom chords of the truss. The spacing of the members in the perforated region is
theoretically infinitesimal, but a finite number of members would have to be used in any
practical solution. In the neighbourhood of the top right corner, we have an empty (white)
region. It can also be observed that the ‘homogenized’ solution in Fig. 16(a) tries to achieve
the solution in Fig. 16(c), except that in areas of low rib density (e.g. right bottom region
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(d
Fig. 16. (a), (b) Simplified topology derived by Olhoff and Rasmussen for the problem treated in Fig. 4. (c) The
exact topology suggested by COC layout solutions in Fig. 15. (d) Solution obtained by a modified homogenization
method (see Section 6.1).
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Fig. 17. Simplified topology obtained by Kikuchi for the problem treated in Fig. 6 [24]

M. Zhou

and G.I.N.

Rozvany,

The COC algorithm,

Part II

333

inside the chord) it comes up with empty regions. As Bendsoe pointed out at a recent
meeting, this can be attributed to the fact that here non-optimal microstructures were used
for the perforated (grey) regions. Whilst this does not change the cost of solid (black) and
empty (white) regions, it does increase artificially the cost of perforated (grey) regions and
hence it tends to suppress the latter.
- The solutions for plates of varying thickness represent an ‘isotropized’ version of the exact
solution. This can be observed by comparing Figs. 15(e-i) with Fig. 16(c). The plate
thickness in the former is roughly proportional to the average material density over the
latter, with ribs occurring in Figs. 15(e-i) along the solid regions of Fig. 16(c). This is a
further confirmation of the improved topology in Fig. 16(c). Moreover, a modified isotropized homogenization method (Section 6.1) fully confirmed the solution in Fig. 16(c), as can
be seen from Fig. 16(d).

REMARK. The contention that existing homogenization methods give a simplified topology
compared to the exact solution by no means represents a criticism of these extremely
important techniques. Such ‘condensed’ topologies are in fact very practical because, naturally, it is impossible to use an infinitesimal bar spacing in real structures. However, the exact
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Fig. 18. Suppression of ‘grey’ regions in isotropized solutions.
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optimal topology can also be of practical significance, because the client could be told by the
designer that further weight savings can always be achieved by increasing the number of
‘holes’ in the design and then the former could decide as to how far he can go within realistic
manufacturing capabilities.
6.1.

An alternative

method

for suppressing

perforated

(grey)

regions

Since the use of non-optimal microstructures homogenized into an anisotropic continuum
introduces some unknown penalty for ‘grey’ regions into shape optimization, the perforated
(grey) regions could also be suppressed by using an isotropic microstructure but with a
suitable penalty function for such regions. This can also be justified on practical grounds, as
can be seen from the argument that follows.
As a first approximation, we could assume that the specific material cost (i.e. weight) is
roughly proportional to the specific stiffness of perforated regions (Fig. 18(a), which is also
valid for plates of variable thickness). On the other hand, the extra manufacturing cost of
cavities would increase with the size of the cavities if we consider a casting process requiring
some sort of formwork for the cavities (Fig. 18(b)). Note that for empty (white) macroscopic
regions with s = 0 the manufacturing cost also becomes zero. The specific total cost and its
suitable approximation is shown in Fig. 18(c). The use of the above type of cost function
promotes the suppression of perforated (grey) areas in isotropized designs which require only
one design parameter (s) per element. The introduction of orthogonal cavities in the usual
homogenization process [23, 241 requires 3 design variables per element for two-dimensional
systems and 6 variables for three-dimensional ones. The solution in Fig. 16(d) was obtained
with an n-value of 1.86 in Fig. 18(c), and represents a topology closer to the ‘exact’ optimal
design than the design in Fig. 16(b). As expected, simpler topologies can be obtained by
adopting a higher n-value (i.e. by increasing the penalty for grey regions).

7. Conclusions

- The iterative COC method enables us, probably for the first time in the history of structural
optimization
(a) to optimize simultaneously the topology and geometry of grid-type structures (trusses,
grillages, shell-grids, etc.),
(b) for a compliance constraint (with future extensions to any combination of the usual
design conditions such as stress, displacement, natural frequency, stability, etc. constraints),
(c) using a fully automatic method capable of handling many thousand potential members.
- Shape optimization by ‘homogenization’ is essentially a numerical approximation of exact
solutions in which perforated (grey) regions tend to be suppressed. The discretization errors
in topologies obtained by this method can be assessedby a comparison with COC solutions
for grid-like systems (e.g. Figs. 15(a-d)) or for ‘isotropized’ systems (e.g. Figs. 15(e-i)).
With a suitable penalty formulation, the latter could also be used for suppressing perforated
(grey) regions in shape optimization.
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